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To Nuit, the naked brilliance of the voluptuous night-sky....
Abstract
The observed accelerated expansion of the universe is one of the big issues of modern
cosmology. One possible way of understanding it is by modifying General Relativity so
that gravity is weaker at large scales. Higher-dimensional models that offer infrared mod-
ifications of gravity provide just that. Braneworld models are a subclass of these, where
standard matter is confined to a p dimensional brane living in a p+ d dimensional “bulk”
space. Gravitons, however, can access the extra d dimensions. The Dvali-Gabadadze-
Porrati(DGP) model realizes this by having a 4D brane embedded in 5D space-time. By
including an induced gravity term in the action, standard 4D gravity is recovered at small
scales, whereas at large scales gravity is 5D. This model is particularly interesting be-
cause of its phenomenology, namely the existence of two cosmological branches, one of
which, called the self-accelerating branch, exhibits late time cosmic acceleration even
when no matter is present in the brane. However, such cosmologies, at the linear level,
have been found to be plagued by ghost instabilities that cause a catastrophic instability
of space-time thus automatically excluding the model as a viable explanation of reality.
In this thesis, after a brief introduction to the covered topics, we start by going beyond
linearity to see if non-linear interactions might change previous results on the presence
of the ghost. We did this for a cosmological background and, in the process, derived the
equations that form the basis of structure formation tests in the DGP model. Our analy-
sis however, proves the validity of the linearized solutions and, thus, the presence of the
ghost. We then used a numeric algorithm to solve the full 5D set of dynamical equations
for the scalar perturbations in the DGP model. Our numeric solutions are the basis for
comparison of the ghost-free normal branch with cosmological observations.
Whereas there seems to be no way of avoiding the ghost problem in the self-accelerating
branch of the DGP model, a generalization of it that removes the symmetry across the
brane had been shown to be ghost-free in a flat background while retaining some form of
late-time acceleration (given the name of stealth acceleration) in certain limits. We study
the spectrum of perturbations for a de Sitter background in the same setup. Our analysis
showed that the only way to avoid a ghost is precisely to have Minkowski branes.
Finally, yet another generalization of the DGP model, in this case a generalization of
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its 4D effective action called the Galileon model, is shown to possess the self-accelerating
solutions. We present an extension of the Brans-Dicke theory by adding a third order
Galileon term to the Brans-Dicke action that appears in the 4D effective theory of DGP
gravity. An analysis of our model shows the presence of self-acceleration for a certain
region of it’s parameter space, without any ghost or tachyonic instabilities.
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Introduction
1.1 Late-Time Acceleration and Modified Gravity
Observational Evidence for late-time acceleration
Observational evidence indicates that the universe is undergoing a period of accelerated
expansion [1, 2, 3, 4, 5]. This late-time acceleration is one of the biggest open issues in
cosmology today. One possibility is that 70% of the energy content of the universe is
dominated by an as yet unknown form of energy, so-called dark energy (for reviews see
[6, 7]). Einstein’s equation is thus modified as follows:
Gµν = 8πG
(
Tµν + T
dark energy
µν
)
, (1.1)
where Gµν is the Einstein tensor, which encodes space-time curvature, G is the gravi-
tational constant, Tµν is the energy-momentum tensor, which encodes matter and other
forms of energy and T dark energyµν is the new dark energy tensor.
The most popular dark energy candidate is the vacuum energy, which takes the form
of a small and positive cosmological constant, Λ. In order to explain the current accel-
eration, the value of the cosmological constant must be of the order ρΛ ∼ 10−12(eV )4.
This model is called the ΛCDM or LCDM and is the standard model of cosmology.
However, the observed value is 10120 times smaller than what we might expect, given our
current understanding of particle physics. Given that particle physics is doing such a mis-
erable job of explaining the accelerated expansion, it is important to look for alternative
explanations.
Modified Gravity
More than a hundred years ago the French mathematician Urbain Jean Joseph Le Verrier
constructed a model for the orbital motion of Mercury around the Sun. His model, based
1
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on Sir Isaac Newton’s Law of Gravitation was put to the test in 1843, when a transit of
Mercury permitted accurate observations to be made. The measurements were in dis-
agreement with the model’s predictions. After spending some years revising his model,
Le Verrier published another study of the planet’s motion. Some discrepancy still existed
between observations and the model, as an excess amount of 43 arc-seconds per century
for the precession of Mercury’s perihelion was still observed.
It was postulated by Le Verrier that a small planet, that he named Vulcan, with an
orbit smaller than that of Mercury, would explain the excess precession. The situation
was very similar to Le Verrier’s discovery of the planet Neptune using very similar rea-
soning. In this case, however, no such planet was to be found. Thirty-eight years after Le
Verrier’s death, the final blow to his hypothesis was given by Einstein’s General Relativ-
ity which accurately predicted the observed perihelion precession of Mercury. In fact, it
predicted an excess precession for all the planets, but the effect was bigger the closer to
the Sun the planet is.
This is, arguably, the best historical example lending support to the study of Modified
Gravity theories. Le Verrier, working within the confines of Newtonian gravity, postu-
lated another mass to balance out the equation. This is akin to postulating the existence
of dark energy, an extra right-hand side term in Einstein’s equation (1.1). In reality it
turned out that a theory that encompassed Newton’s was behind the anomalous observa-
tion. Within the mindset of a Newtonian gravity point of view, the bigger picture given by
General Relativity can be seen as a modified version of it, characterized by the so-called
post-Newtonian parameterization.
In a General Relativity (GR) framework, this would correspond to modifying the left
hand side of the equation:
Gµν +G
modified
µν = 8πGTµν , (1.2)
where Gmodifiedµν is the new Einstein curvature tensor.
Such a modification of GR could come from quantum gravity and, although we don’t
yet have a full quantum gravity theory, the leading candidates can already offer some
insights on this point. In String Theory, for instance, there are objects called D-branes,
on which open strings can end. These open strings describe the non-gravitational, stan-
dard model fields and they are attached to these branes, while closed strings, representing
the graviton fields, can move freely into the higher-dimensional “bulk” spacetime. This
means, from a classical perspective, that radiation and matter are localized on the brane,
while gravity is free to propagate in the bulk.
Implementation of String Theory to cosmology is extremely difficult, but some phe-
nomenological models have been put forward (for e.g. [8]). We will be interested in these
CHAPTER 1. INTRODUCTION 3
so called braneworld models that bridge the gap between cosmological observations and
fundamental theory.
1.2 The 5 dimensional DGP braneworld model
In the past decade, the most widely studied example of a modified gravity model that
attempts to explain the observed cosmic acceleration is the braneworld model proposed
in 2000 by Dvali, Gabadadze and Porrati [9, 10], named DGP model after its authors. In
this model, our universe consists of a codimension one brane, Σ, inhabiting an infinite
size flat five-dimensional bulk, M. By introducing an intrinsic curvature term in the
brane action, the correct 4D Newtonian gravity is recovered on the brane, despite the fact
that gravity propagates in 5D Minkowski space.
The DGP action, S, takes the following form:
S =
1
2κ2
∫
M
d5X
√−g (5)R + 1
2κ24
∫
Σ
d4x
√−γ R +
+
∫
Σ
d4x
√−γLm + 1
κ2
∫
Σ
d4x
√−γK, (1.3)
where gMN is the metric on the bulk spaceM (with Ricci scalar (5)R), γµν is the induced
metric on the brane Σ (R being the corresponding Ricci scalar), Lm is the brane matter
Lagrangian, Kµν is the extrinsic curvature (with K = Kµµ). The two Planck masses,
κ2 = 8πG(5) = 1
2M3
, κ24 = 8πG(4) =
1
2M2P
, (1.4)
are independent.
The intrinsic curvature term was originally proposed to originate from matter loop
corrections [9]. More recently, this term was found to be rather natural: it can be induced
by matter loop corrections [11], finite width effects [12, 13, 14] or even classically from
higher dimensional modifications of General Relativity [15, 16].
One can get the field equations from (1.3):
1
2κ2
(5)GMN +
1
2κ24
δ (y − z(xµ))GMN = 8πδ (y − z(xµ)) TMN(xµ), (1.5)
where (5)GMN is the five-dimensional Einstein tensor, G is the Einstein tensor of the
induced metric on the brane, y is the extra spatial coordinate and z(xµ) is the location of
the brane as a function of the four-dimensional coordinates of the brane, {xµ}. Following
CHAPTER 1. INTRODUCTION 4
Lue [17], one can take small fluctuations of the metric around empty flat space gMN =
ηMN +hMN . Using the previous, they are shown to take the following form on the brane:
h˜µν(p, y = 0) =
16πκ24
p2 + p
rc
[
T˜µν(p
λ)− 1
3
ηµν T˜
α
α(p
λ)
]
, (1.6)
where the tilde enunciates Fourier transforms and pµ are the momenta coordinates corre-
sponding to the four-dimensional spacetime xµ. From this equation one sees that there is
a new physical scale, the crossover scale rc,
rc =
κ2
2κ24
, (1.7)
which is the only parameter of this model. At distances shorter than this scale, the poten-
tial was found to have the correct 1/r 4D Newtonian scaling. For r >> rc, the potential
scales like 1/r2, i.e. it scales like 5D gravity.
The gravitational potential, eq. (1.6), has a tensor structure which is very different
from the one stemming from GR. It is, in fact, similar to the structure of the gravitational
potential of a massive graviton:
hmassiveµν (q
2) = − 16πκ
2
4
q2 +m2
(
Tµν − 1
3
ηµνT
α
α
)
, (1.8)
whereas in Einstein gravity it is:
hmasslessµν (q
2) = −16πκ
2
4
q2
(
Tµν − 1
2
ηµνT
α
α
)
. (1.9)
This means that, when one takes the zero mass limit in eq. (1.8) one does not recover
Einstein gravity. This pathology is known in massive gravity as the van Dam-Veltman-
Zakharov discontinuity. The issue can be understood by the fact that there are five degrees
of freedom present in massive gravity, as well as in DGP gravity. In the limit of vanishing
mass they can be decomposed into a massless tensor (the graviton), a massless vector
(a graviphoton that decouples from any conserved matter source) and a massless scalar
which persists as an extra degree of freedom, in all regimes. In the DGP, this extra scalar
degree of freedom is associated with the brane fluctuation, or brane bending mode, i.e.
the fluctuations of the extrinsic curvature of the brane [18, 19, 20]. However, Deffayet
[21, 22] has shown that the vDVZ discontinuity disappears on a non vanishing Ricci
scalar background.
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1.2.1 DGP Cosmology
In a universe which is not static, at a given time the proper distance between two objects
comoving with said expansion is written as d(t) = a(t)d(t0), where d(t) is the proper
distance at time t, t0 is the present epoch and a(t) is the scale factor relating the two
values. The Hubble parameter is then given by H = a˙(t)
a(t)
. The evolution of the universe’s
expansion, or contraction, can then be represented by the Friedmann equation, which
equates H , the Hubble parameter, with the matter-energy content of the universe, given
by mass density ρ.
It was quickly realized that, in the DGP model, there are two distinct classes of cos-
mological solutions [23]. Deffayet derived the Friedmann equation and continuity equa-
tions:
H2 − ǫH
rc
=
κ24
3
ρ , ρ˙+ 3H (ρ+ p) = 0, (1.10)
where ǫ = ∓1.
The continuity equation is just the usual energy-momentum conservation equation
from GR. The first equation, however, is a modified version of the Friedmann equation,
as a new term has been introduced in the left-hand side. One can see that for early times,
when H << r−1c , this term is negligible and the conventional four-dimensional Fried-
mann equation is recovered. The late time behaviour is nevertheless substantially altered
by this new term, whose two signs, given by ǫ, give two distinct possible cosmological
phenomenologies. The choice of sign is due to the fact that there are two ways to em-
bed the brane in the bulk. A good and in-depth review of the phenomenology of these
cosmologies is given by Arthur Lue [17].
Normal Branch
The upper sign, ǫ = −1, gives us the so-called normal branch, which transitions from
H2 ∼ ρ, at early times, to H2 ∼ ρ2, at late times.
To account for current observations in the normal branch one needs to introduce the
cosmological constant Λ. This means that such a model has one more parameter than
the standard LCDM model. However, comparison with observational data indicates that
LCDM is a better fit [24, 25]. Nevertheless it still has plenty of interesting phenomeno-
logical features [26, 27, 28].
Self-Accelerating Branch
The lower sign, ǫ = +1, gives an inflationary solution at late-times, where H → r−1c ,
even when no matter is present on the brane. In this way, the DGP might account for
the observed cosmic acceleration in terms of the extra dimension. Because of that, this
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branch is known as the self-accelerating branch.
Several attempts to confront the self-accelerating universe with observations have
been made [29, 25, 30] (see a review [31] and references therein). To explain the observed
acceleration we require rc ∼ H−10 , where H0 is the current value of the Hubble param-
eter. It is expected that structure formation will help to distinguish the self-accelerating
DGP universe from dark energy models based on 4-dimensional GR. This is because the
growth of cosmological perturbations is very sensitive to the existence of an extra di-
mension. A full 5-dimensional treatment is required to model these perturbations, which
is why obtaining observational predictions for the behaviour of fluctuations in the DGP
model is technically challenging.
1.2.2 Non-linear perturbations
As mentioned above, in the DGP model there is a particular scale, rc, which separates 4D
gravity from 5D gravity. Be that as it may, the departure from conventional 4D physics
actually happens at scales much smaller than rc. For a Minkowski flat background it
was shown that the non-linear interaction of the brane bending mode becomes important
at the so-called Vainshtein radius r∗ = (rgr2c )1/3, where rg is the Schwarzschild radius
of the source [21] (see fig 1.1). For scales smaller than the Vainshtein radius, the local
source dominates the metric and gravity is effectively 4D. This regime is usually called
the Einstein phase. For scales between this value and the crossover scale rc, the so-called
weak-brane phase, gravity is ruled by scalar-tensor theory with Brans-Dicke parameter
ω = ±3rcH .
One can get the effective 4D gravitational equations, by projecting the 5D equations
into the brane. In the DGP these take a scalar-tensor form, with the scalar field φ, the
brane bending mode, encoding the fluctuations of the extrinsic curvature of the brane.
This is the extra degree of freedom discussed in section 1.2. The equation of motion
for φ, that gives the described behaviour in a spherically symmetric setup is, in general,
given by [18, 19, 32]:
c1
φ′
r
+ c2
(
φ′
r
)2
=
m
4πr3
, (1.11)
where prime denotes the derivative with respect to r and ci are coefficients.
One argument against the validity of the linearised analysis is that, for cosmology, rg
is roughly the Hubble scale today rg ∼ H−10 , then the Vainshtein radius is also the hori-
zon scale r∗ ∼ H−10 , which may indicate that the linearised cosmological perturbations
are not valid [33]. However, most of the literature so far studied perturbations around
Minkowski spacetime. It is still unclear what is the Vainshtein radius in a cosmological
background. This is an important question to be addressed because, as we will see next,
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Figure 1.1: The two scales, r∗ and rc, and three gravitational regimes of the DGP
braneworld model.
the ghost exists in the self-accelerating solution where the Minkowski spacetime is not
even a solution. Thus, it is important to study non-linear interactions of the brane bending
mode in a Friedmann background.
There is also a claim that the perturbative approach cannot be applied in the DGP
model [34]. This argument is based on the Schwarzschild solution obtained by Gabadadze
and Inglesias [35], which does not recover the linearised solution in the region r > r∗.
However, this solution is obtained by closing the equations on the brane by imposing ad
hoc assumptions on the bulk gravity. Koyama and Maartens [36] showed that it is crucial
to impose a proper boundary condition in the bulk to determine the behaviour of gravity
on the brane.
1.2.3 The Ghost in the braneworld
Unfortunately, it has been shown that the self-accelerating branch of the DGP, unlike the
normal one, contains a ghost [18, 19, 37, 38, 39, 40, 34, 41, 42, 43, 44, 45] (for a review
see [46]). In this context a ghost is a field whose kinetic term has the wrong sign, that
is to say that p < −ρ, violating all the energy conditions [47]. This pathology leads to
a choice during the quantization procedure: either i) the ghost state has negative norm
and unitarity is violated, thus giving a theory with no probabilistic interpretation; or ii)
the ghost can have arbitrarily negative energy [48]. In the latter case, gravitational in-
teractions alone allow ghost and photon pairs to be spontaneously created from vacuum
with an infinite decay rate, resulting in a catastrophic instability, unless one imposes an
energy cutoff that violates Lorentz invariance, which is inconsistent with general covari-
ance. Whichever choice is taken it is clear that a ghost in the perturbation spectrum
indicates a sick perturbative theory.
The existence of the ghost was shown rigorously on a de Sitter spacetime by studying
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linearised gravity. The solutions for the discrete spin-2 mode and the spin-0 perturbation,
in the self-accelerating branch, are given by (see for instance [46]):
m2d
H2
=
1
(Hrc)2
(3Hrc − 1) , (1.12)
hµν =
1− 2Hrc
H(1−Hrc)
(∇µ∇ν +H2γµν)φ, (1.13)
where md is the mass of the discrete mode of the spin-2 perturbations, and φ the spin-0
mode that we’ve already seen.
The respective effective 4D actions are given by.
Sχ =
rc(3Hrc − 1)
4κ2(3Hrc − 2)
∫
d4x
√−γχµν (4 − 2H2 −m2d)χµν , (1.14)
Sφ =
3H
2κ2
(
1− 2Hrc
1−Hrc
)∫
d4x
√−γφ (4 + 4H2)φ. (1.15)
One can immediately see that the brane bending mode action, eq.(1.15), has the
wrong sign for 1/2 < Hrc < 1. This means that for this section of parameter space
the brane bending mode is a ghost. For the discrete, or helicity-0, mode the action (1.14)
takes the exact form of the action for spin-2 perturbations in the 4D massive gravity the-
ory with a Pauli-Fierz mass term. This means that, if the mode’s mass lies in the range
0 < m2d < 2H
2
, this mode will be a ghost [49]. Using eq. (1.12) one sees that this
happens for Hrc > 1.
The full picture, given in fig. (1.2), is the following: for Hrc > 1 the helicity-0 mode
1O II
s.a.b.
mixing
1/2
strong coupling
Hrc
Figure 1.2: Parameter space of the DGP model and the regimes where there is a ghost.
For Hrc < 1, the spin-0 perturbation is a ghost, whereas for Hrc > 1, the helicity-0
excitation of the spin-2 perturbation is a ghost. In the self-accelerating limit, Hrc = 1,
these two modes are mixed and their mixing is a ghost as well.
of the spin-2 perturbations is a ghost, whereas for Hrc < 1 the brane bending mode is
the ghost. The Hrc = 1/2 limit is the strong coupling limit of the model. We haven’t
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commented on what happens for Hrc = 1, which is the limit for the self-accelerating
solution. The problem is that, in this case, eqs. (1.12, 1.15) are singular. Note also that
the mass of the helicity-0 mode becomes 2H2 and hence, the two modes are mixed. An-
other, more complex, approach was taken by Gorbunov, Koyama and Sibiryakov [38],
and they also found a ghost from the mixing of the spin-0 perturbation with the helicity-0
excitation of spin-2 perturbations.
For the normal branch of the DGP however, the helicity-0 mode is a zero mode, i.e.
m2d = 0, whereas there is no normalizable spin-0 perturbation. This means that the nor-
mal branch is ghost-free.
Recently, however, there are some claims that the non-linear interactions obscure
the conclusion on the existence of the ghost [33, 34]. It has been recognized that the
non-linear interactions of gravity in this model are much more subtle than 4D general
relativity [20, 18, 19, 21, 50, 51, 52, 53, 54, 55, 56]. The reason is that, as we mentioned
before, the graviton contains a scalar degree of freedom and the non-linear interaction of
this mode becomes important on much larger scales than the usual graviton. This is anal-
ogous to the massive gravity model, where a helicity-0 mode becomes strongly coupled
on very large scales for small graviton mass [57]. In the DGP model, the scalar mode is
a mix of the helicity-0 mode of the spin-2 5D graviton and the spin-0 mode called the
radion [37, 38]. Physically, this scalar mode describes the bending of the brane in the
bulk and, as we saw above, the non-linear interactions of this mode become important at
the Vainshtein radius.
1.3 The asymmetric CGP braneworld model
Precisely because the DGP braneworld model is plagued by these nagging instabilities,
we turned our attentions to other, yet similar, models. Charmousis, Gregory and Padilla
(CGP)[58] presented a generalisation of the DGP model in which they allowed for bulk
curvature and introduced an asymmetry across the brane [37, 59, 60, 61, 62, 63]. This
asymmetry could, in principle, apply to the bulk cosmological constant or even the bulk
Planck scales, giving rise to a rich variety of cosmologies.
The CGP model is an asymmetric generalisation of its celebrated cousin, the DGP
model. In both models, our Universe is taken to be a 3-brane, Σ, embedded in between
two five dimensional spacetimes, Mi, where i = L,R. In the original DGP scenario,
we impose Z2 symmetry across the brane, identifying ML with MR and having van-
ishing vacuum energy in the bulk. In the CGP model, however, we relax both of these
assumptions. The key new ingredient is the introduction of asymmetry. Each spacetime
Mi generically has a five dimensional Planck scale given by Mi, and a negative (or zero)
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cosmological constant given by Λi = −6k2i ,. However, since we are no longer assuming
Z2 symmetry across the brane, we can have ML 6= MR and ΛL 6= ΛR. Allowing for
ΛL 6= ΛR is familiar in domain wall scenarios [64, 65, 66]. The Planck scale asymmetry
is less familiar, but could arise in a number of ways. Suppose, for example, that this sce-
nario is derived from a fundamental higher dimensional theory. This theory could contain
a dilaton field that is stabilised in different fundamental vacua on either side of Σ. From
the point of view of a 5D effective description, the 5D Planck scales would then differ
accordingly.
According to the braneworld paradigm, all matter and standard model interactions
are confined to the brane, although gravity can propagate into the fifth dimension. As
in the DGP scenario, we include some intrinsic curvature induced on the brane. In the
original CGP paper, the brane tension was fine-tuned against the bulk cosmological con-
stants in order to admit a Minkowski vacuum solution. This choice corresponds to hav-
ing vanishing effective cosmological constant on the brane and was the analogue of the
Randall-Sundrum fine-tuning.
The authors focussed on those solutions that possessed asymptotically Minkowski
branes, despite the presence of self-accelerating solutions that they (correctly) assumed
to be haunted by ghosts. A subset of these solutions were shown to contain vacuum
branes that were perturbatively stable, free from the ghoulish instabitities that terrorize
the self-accelerating DGP brane. They then analysed the cosmological evolution of this
subset, and in some cases yielded extremely interesting results. Two limiting models in
particular (the “decoupled” limit and the “conformal” limit) were found to exhibit power
law acceleration but only when matter is present on the brane. They dubbed this ’stealth
acceleration’.
The cosmology is reminiscent of the Cardassian cosmology proposed by Freese and
Lewis [67]. Here the standard Friedmann equation is modified so that ρ → ρ + cρn,
where n < 2/3, and one also finds that cosmic acceleration is driven by the presence
of ordinary matter. The Cardassian model is an interesting empirical model, but did not
have a concrete theoretical basis. The stealth model provides that by realising an effective
Cardassian cosmology (with n ≈ 0.5) within the braneworld paradigm.
1.4 Galileon Cosmology
More recently, an infrared modification of gravity was proposed by Nicolis, Rattazzi
and Trincherini [68] (see also [69]), which is a generalization of the 4D effective theory
in the DGP model. This is then a scalar-tensor theory in the veins of a Brans-Dicke
theory. The novel feature of this theory is invariance of the action of the scalar field
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under the Galilean shift symmetry, i.e. the constant shift of the gradient of the scalar field
∂µφ → ∂µφ + cµ. This feature, that dubs φ the galileon field, is responsible for keeping
the equation of motion at second order [70]. It turns out there are only five invariants in
4D space-time. As an example we’ll give the Lagrangian terms and respective equation
of motion, εi = δLiδφ , up to third order (for all five terms see [68]):
L1 = φ, (1.16)
L2 = −1
2
∂µφ∂
µφ, (1.17)
L3 = −1
2
φ∂µφ∂
µφ, (1.18)
ε1 = 1, (1.19)
ε2 = φ, (1.20)
ε3 = (φ)
2 − (∂µ∂νφ)(∂µ∂νφ). (1.21)
To check for the existence of well-behaved self-accelerating solutions, i.e. without
ghost instabilities, the authors went for a spherically symmetric configuration, φ = φ(r).
This drastically simplifies the equations of motion to an algebraic equation for φ′(r),
similar to eq. (1.11) of the DGP model:
d2 (φ
′/r) + 2d3 (φ
′/r)2 + 2d4 (φ
′/r)3 =
m
4πr3
. (1.22)
Here a source is located at the origin, with ρ = mδ3(r) and di being generic coefficients.
The e.o.m. associated with the fifth-order term vanishes. They then found the constraints
on these coefficients to ensure that a radial solution with de Sitter asymptotics exists
and is stable against small perturbations and the propagation speed of fluctuations is
subluminal:
d2 > 0 (1.23)
d3 ≥
√
3
2
d2d4 (1.24)
d4 ≥ 0 (1.25)
d5 < 0 (1.26)
However, at large distances from the source, the propagations are forced to be super-
luminal. There is another issue with the very slow speed of angular fluctuations close to
the source. This is due to the presence of the fourth- and fifth-order terms, which can
be avoided by setting d4 = d5 = 0. This is still compatible with the absence of ghosts
around the de Sitter background.
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However, their analysis is valid only for weak gravity in flat space-time and this re-
sult might change when the model is covariantized [71, 72, 73]. In fact it was shown that
the Galilean symmetry cannot be preserved once the theory is covariantized but it is still
possible to keep its desired properties. For example, the equation of motion for the scalar
field can remain of second order, which is essential because higher derivative theories
contain extra degrees of freedom that are usually related to instabilities.
1.5 Thesis Summary
We have just introduced the key concepts to account for the observed cosmic acceleration
with self-accelerating cosmologies stemming from higher-dimensional spaces. We have
also discussed the fundamental problems with these cosmologies, namely the ghost issue
and potential ways of avoiding it. For the rest of this thesis, such issues will be explored
in detail, as follows:
In chapter 2 we explore whether non-linear interactions of the brane bending mode,
in a cosmological background in the DGP braneworld, can change previous results for
the existence of the ghost based on the linearised analysis.
In chapter 3 the dynamics of scalar perturbations in the DGP model are solved with-
out the need for approximations or ansatz, using a numeric method. These solutions
provide the basis for studying observational signatures of the normal branch solution of
the model.
Chapter 4 contains our first move beyond the DGP model, namely by using asymme-
try across the brane. We consider de Sitter branes within the CGP framework and study
the perturbation spectrum of both self-accelerating and stealth accelerating solutions.
In chapter 5 we find a self-accelerating solution within the Galileon framework, in
four dimensions.
We conclude the thesis with a discussion on the work done, in chapter 6. In appendix
A, the numeric algorithm used for the work of chapter 3 is presented.
Chapter 2
Non-linear interactions in a
cosmological background in the DGP
braneworld
2.1 Introduction
The aim of this chapter is to study the non-linear interactions of the brane bending mode
on a Friedmann background. We build on Koyama and Maartens work, [36] where lin-
earised perturbations are solved properly in 5D spacetime. We extend their analysis by
taking into account the second order effects of the brane bending mode. Then we study
whether the linearized cosmological perturbations can be smoothly matched to the so-
lutions inside the Vainshtein radius. It should be noted that non-linear interactions on a
Friedmann background were studied by Lue, Scoccimarro and Starkman [53] assuming
spherical symmetry and the modified Vainshtein radius was identified. We will confirm
their result by properly solving the 5D metric perturbations without closing the equations
on the brane in an heuristic way in the same spirit as Koyama and Maartens. For this
purpose we closely follow the approach of Middleton and Siopsis [55], which studied
weak gravity on the Minkowski background.
2.2 Quasi-static perturbations
2.2.1 Basic equations
In this chapter, we focus on weak gravity sourced by quasi-static matter fluctuations in a
cosmological background. This analysis can be applied to describe the metric sufficiently
far from a local source located in a cosmological background. We can also study the
13
CHAPTER 2. NON-LINEAR INTER. IN A COSM. BKGD. IN THE DGP 14
cosmological perturbations on sub-horizon scales in the matter-dominated era, which are
relevant for the structure formation problem.
The first order metric in the bulk is given in a 5D longitudinal gauge by
ds2 = −(1 + 2A)N(t, y)2dt2 + (1 + 2R)A(t, y)2δijdxidxj + (1 + 2Ayy)dy2, (2.1)
where
A(y, t) = a(t)(1∓Hy), N(y, t) = 1∓H
(
1 +
H˙
H2
)
y, (2.2)
are the solutions for the background metric [23]. Note that the (y, t)-component of the
metric can be neglected for a static source. The Hubble parameter is determined by the
Friedmann equation and the continuity equation, eqs. (1.10), as we’ve seen in section
1.2.1.
In the 5D longitudinal gauge, the brane is not located at y = 0 [74]. Then it is more
convenient to move to a gauge where the brane is located at y = 0. We perform a gauge
transformation y → y − rcξ, where ξ is a scalar function describing the perturbation of
the brane location, which is often called the brane bending mode. The resultant metric
has the form
ds2 = −(1 + 2Ψ)N(t, y)2dt2 + (1 + 2Φ)A(t, y)2δijdxidxj
+2rcϕ,idx
idy + (1 + 2Γ)dy2. (2.3)
At first order, ϕ is identified as the brane bending mode ξ. We are interested in pertur-
bations well inside the horizon. Thus we will neglect all subleading terms suppressed
by aH/k ≪ 1, where k is the 3D wavenumber of the perturbations. Within quasi-
static approximations, time-derivative terms can be neglected. We also neglect terms like
(A′/A)Φ′ where prime denotes a derivative with respect to y. This is based on an as-
sumption that Φ′ ∼ kΦ. This assumption will be justified later. Although we are dealing
with the linearised metric perturbations, it has been recognized that second order terms of
ϕ can be important on larger scales compared with the other second order contributions
[18, 19, 55, 20]. Thus we only keep the second order terms for ϕ. This assumption will
also be verified later.
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Under these assumptions, the 5D Einstein equations are given by:
δ(5)Gyy = (2.4)
1
A2
∇2Ψ+ 1
A2
∇2Φ− rc
A2
(
2
A′
A
+
N ′
N
)
∇2ϕ
+
r2c
2A4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
= 0,
δ(5)Gyi = (2.5)
− (Ψ′ + 2Φ′),i − r
2
c
2A4
[
(∇jϕ)(∇j∇iϕ′)− (∇iϕ)(∇2ϕ′)
]
= 0,
δ(5)Gtt = (2.6)
3Φ′′ +
2
A2
∇2Φ + ∇
2
A2
(Γ− rcϕ′)− 2 rc
A2
(
A′
A
)
∇2ϕ
+
r2c
2A4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
= 0,
δ(5)Gij = (2.7)
− 1
A2
(∇i∇j − δij∇2)(Φ + Ψ + Γ− rcϕ′) + δij(Ψ′′ + 2Φ′′)
+
rc
A2
(∇i∇j − δij∇2)
(
A′
A
+
N ′
N
)
ϕ
− r
2
c
A4
[
(∇2ϕ)(∇i∇jϕ)− (∇j∇kϕ)(∇i∇kϕ)
]
+
1
2
δij
r2c
A4
[
(∇2ϕ)2 − (∇k∇lϕ)2
]
= 0.
For the spatial components δ(5)Gij , the trace of the equation gives
2
A2
∇2(Φ + Ψ + Γ− rcϕ′) − 2rc
A2
(
A′
A
+
N ′
N
)
∇2ϕ+ 3(Ψ′′ + 2Φ′′)
+
1
2
r2c
A4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
= 0. (2.8)
On the other hand, taking the divergence of the traceless part of δ(5)Gij , we get
∇2
A2
(Φ + Ψ + Γ− rcϕ′) − rc
A2
(
A′
A
+
N ′
N
)
∇2ϕ
+
1
4
r2c
A4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
= 0. (2.9)
The existence of the brane imposes the junction condition at the brane, that relates
the extrinsic curvature with the energy-momentum tensor on the brane
Kµν −Kgµν = −κ
2
2
Tµν + rcGµν . (2.10)
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We should note that due to the induced gravity term, the Einstein tensor appears in the
junction condition. The (t, t) component of the junction condition Eq. (2.10) gives
2
a2
∇2Φ = −κ24δρ+
1
a2
∇2ϕ− 3
rc
Φ′. (2.11)
The spatial components give
Φ+Ψ = ϕ, (2.12)
Ψ′ + 2Φ′ = 0. (2.13)
2.2.2 Solutions in the bulk
Let us first solve the perturbations in the bulk. Combining Eq. (2.4) and Eq. (2.9), Φ and
Γ− rcϕ′ are written in terms of Ψ and ϕ:
∇2
A2
Φ = − 1
2
∇2
A2
Ψ+
rc
2A2
(
2
A′
A
+
N ′
N
)
∇2ϕ
− r
2
c
4A4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
, (2.14)
∇2
A2
(Γ− rcϕ′) = − 1
2
∇2
A2
Ψ+
rc
2A2
(
N ′
N
)
∇2ϕ. (2.15)
Consistency between Eqs. (2.5) and (2.14) requires
ϕ′ = 0, Ψ′ + 2Φ′ = 0. (2.16)
The latter is consistent with the junction condition Eq. (2.13). Then substituting Eqs (2.14)
and (2.15) into Eq. (2.6) and using Eq. (2.16), we get a wave equation for Ψ
Ψ′′ +
∇2
A2
Ψ−
(
N ′
N
)
rc
A2
∇2ϕ = 0. (2.17)
By performing a Fourier transformation, the solution is given by
A = Ψ− N
′
N
rcϕ =
[
c1(1∓Hy)±k/aH + c2(1∓Hy)∓k/aH
]
, (2.18)
for a given k, with our approximation k/aH ≫ 1. We impose the regularity condition in
the bulk so that the perturbations do not diverge at y →∞ in the self-accelerating branch,
and y = 1/H in the normal branch. This means that we take c2 = 0 [36]. We should note
that the regularity condition verifies our assumption that the terms like (A′/A)Φ′ can be
neglected compared with the terms like ∇2Φ/A2, with our approximation k/aH ≫ 1.
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2.2.3 Equations on the brane
Now we impose the junction conditions. From Eqs. (2.18) and (2.14), it is possible to
show that
Φ′
rc
∼ k
arc
Φ≪ k
2
a2
Φ, (2.19)
for perturbations whose physical wavelengths are shorter than rc, krc/a ≫ 1. Thus we
can neglect Φ′ in the junction condition Eq. (2.11). Then the projection of Eq. (2.4) on the
brane and the junction conditions Eqs. (2.11) and (2.13), provide a closed set of equations
on the brane for Φ, Ψ and ϕ. The effective Einstein equations are written as
2
a2
∇2Φ = −κ24δρ+
1
a2
∇2ϕ, (2.20)
Ψ+ Φ = ϕ, (2.21)
and the equation of motion for ϕ is given by
3β(t)
∇2
a2
ϕ+
r2c
a4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
= κ24δρ, (2.22)
where
β(t) = 1− 2rc
3
(
2
A′
A
+
N ′
N
)
= 1± 2Hrc
(
1 +
H˙
3H2
)
. (2.23)
Here the + sign corresponds to the normal branch and the− sign to the self-accelerating
one.
2.3 Solutions on the brane
2.3.1 Linearised solutions
We begin with linearised solutions by neglecting the second order contributions of ϕ.
The decoupled equations for the metric perturbations are easily obtained as
∇2
a2
Φ = −κ
2
4
2
(
1− 1
3β
)
δρ, (2.24)
∇2
a2
Ψ =
κ24
2
(
1 +
1
3β
)
δρ, (2.25)
which agree with the solutions obtained in Ref. [53, 36].
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The linearised equations can be described by a Brans-Dicke (BD) theory. The per-
turbed Einstein equations in the BD theory are given by
δGµν = −(∇µ∇ν − gµν∇2)ϕ, (2.26)
and the equation of motion for the BD scalar is
∇2
a2
ϕ =
κ24
3 + 2ω
δρ, (2.27)
where ω is the BD parameter. Comparing Eqs. (2.20) - (2.22) with Eqs.(2.26) and (2.27),
we find that the brane bending mode acts as the BD scalar and the BD parameter is given
by [53, 36, 75]
ω =
3
2
(β − 1). (2.28)
The sign of β is directly related to the existence of the ghost in de Sitter spacetime. In
the self-accelerating branch, β is negative forHrc > 1/2. In the BD theory, the BD scalar
has the wrong sign for the kinetic term if ω < −3/2, that is β < 0. The condition that β
is negative is given by Hrc > 1/2, which is precisely the condition for the existence of
the ghost in de Sitter spacetime, as was shown in Refs [18, 19, 37]. On the other hand, in
the normal branch, β is positive and we expect no ghost in this branch of the solutions.
2.3.2 Spherically symmetric solutions
Next, we study the effect of the second-order contributions of ϕ. Unfortunately, it is
not easy to solve the equations for ϕ with the non-linear interactions. Thus we assume
spherical symmetry to simplify the problem. The equation for ϕ (2.22) is then given by
(
d2
dr2
+
2
r
d
dr
)
(3βϕ+ Ξ) = κ24δρ, (2.29)
where
Ξ = 2r2c
∫
1
r
(
dϕ
dr
)2
dr, (2.30)
in agreement with Ref. [55] in a Minkowski spacetime. Let us consider a source localized
in some compact region. Then it is possible to integrate the equation to get
3βϕ+ Ξ +
rg
r
= 0, (2.31)
where
rg = κ
2
4
∫ r
0
drr2δρ, (2.32)
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is the Schwarzschild radius of the source. Hereafter, we assume rg = const, for simplic-
ity. Taking the r derivative of Eq. (2.31) gives an algebraic equation for dϕ/dr. Then we
get a solution for dϕ/dr as
dϕ
dr
=
rg
r2
∆(r), ∆(r) =
2
3β
(
r
r∗
)3(√
1 +
(r∗
r
)3
− 1
)
, (2.33)
where
r∗ =
(
8r2crg
9β2
)1/3
, (2.34)
which is the Vainshtein radius for a source in a cosmological background.1 This is in
agreement with the result of ref. [53]. The solutions for the metric perturbations can be
obtained as
Φ =
rg
2r
+
ϕ
2
, (2.35)
Ψ = − rg
2r
+
ϕ
2
. (2.36)
On scales larger than the Vainshtein radius, r > r∗, the solutions are given by
Φ =
rg
2r
(
1− 1
3β
)
, (2.37)
Ψ = − rg
2r
(
1 +
1
3β
)
. (2.38)
which agree with the linearised solutions Eqs. (2.24) and (2.25). This shows that the
linearised solutions do make sense as long as we are considering scales larger than the
Vainshtein radius.
On scales smaller than the Vainshtein radius, r < r∗, the solutions for Ψ and Φ are
obtained as
Φ =
rg
2r
+
1
β
√
β2Rgr
2r2c
, (2.39)
Ψ = − rg
2r
+
1
β
√
β2Rgr
2r2c
. (2.40)
In this region, the corrections to the solution in 4D general relativity are suppressed
for r < r∗ so that Einstein gravity is recovered. From Eq. (2.22), we can see that Ξ
1We have here chosen one of the two possible branches of solutions for the quadratic equation. This
was done because the other, unconventional, branch appears to be unphysical.
CHAPTER 2. NON-LINEAR INTER. IN A COSM. BKGD. IN THE DGP 20
dominates over the linear term in this region. This indicates that once ϕ becomes non-
linear, the solutions for the metric approach those in 4D general relativity. We should
note that β is negative in the self-accelerating solution while β is positive in the normal
branch solution. Then the corrections to 4D general relativity solutions have opposite
signs in these solutions, as was first pointed out in Ref [52]. By a simple coordinate
transformation, we can check that our solutions agree with the results of Ref. [53].
Even on scales smaller than the Vainshtein radius r < r∗, the induced metric per-
turbations are small as long as we consider scales larger than the Schwartzschild radius
r > rg. This justifies our assumption of neglecting all second order contributions other
than the second order terms of ϕ. It should be also emphasized that the (y, r) component
of the metric, rcϕ,r, is evaluated as
(rcϕ,r)
2 ∼
(r∗
r
)3 (rg
r
)
, for r > r∗, (2.41)
(rcϕ,r)
2 ∼
(rg
r
)
, for r < r∗. (2.42)
The higher order terms of ϕ in the Einstein equations have higher order powers of rcϕ,r.
Thus they are suppressed for r > rg. Then we only need to keep the second order terms
which can be comparable to the linear terms as is seen from Eqs. (2.40) and (2.42).
2.3.3 Cosmological perturbations
Finally, we consider cosmological perturbations in a matter-dominated universe. We
define an over-density of dark matter as
δ =
δρ
ρ
. (2.43)
The continuity equation and the Euler equation are the same as in 4D general relativity:
∂δ
∂t
+
1
a
∇(1 + δ)v = 0, (2.44)
∂v
∂t
+
1
a
(v · ∇) · v +Hv = −1
a
∇Ψ, (2.45)
where v is the velocity perturbation of dark matter. Here we introduce time-derivative
terms. In order to ensure our quasi-static approximation, the time-dependence of the
over-density δ should be weak, ∂tδ ≪ kδ, which is indeed valid for dust matter. Com-
bining Eqs. (2.44) and (2.45) with Eqs. (2.20), (2.21) and (2.22), we can describe the
evolution of the dark matter over-density.
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The non-linear terms in the equation for ϕ, Eq. (2.22), become dominant when
βa2
r2ck
2
< ϕ. (2.46)
Using the linear term in Eq. (2.22), ϕ is estimated as
ϕ ∼ H
2a2
βk2
δ, (2.47)
where we used κ24ρ ∼ H2. Then the condition that the non-linear terms become important
is given in terms of δ by
β2(Hrc)
−2 ∼ O(1) < δ. (2.48)
If non-linear terms become dominant, ϕ is estimated as
k2
a2
ϕ ∼
(
H2a2
r2ck
2
)
δ. (2.49)
Then in the Poisson equation Eq. (2.20), the contribution of ϕ can be neglected and 4D
general relativity is recovered. Thus, from these rough estimations, we expect to recover
4D general relativity for non-linear over-density δ ≫ 1. This also means that for linear
over-density δ ≪ 1, the second order terms of ϕ can be neglected and the linearised
cosmological perturbations do perfectly make sense as opposed to the claim made in
Ref. [33]. In order to verify these estimations, one should solve the non-linear equations
for δ and ϕ, which is difficult even in conventional 4D general relativity. One approach
is to consider the spherically symmetric collapse of the over-density. This was done in
Ref. [53], and it was demonstrated that once the over-density exceeds O(1), 4D general
relativity is recovered. This confirms our estimations.
2.4 Effective theory on the brane
2.4.1 Effective theory for ϕ
In the previous section, we find that the brane bending mode ϕ plays a crucial role in
the DGP model. It is possible to understand the role of the brane bending mode in
a covariant way as was shown in Refs. [18, 19]. We begin with the definition of the
extrinsic curvature:
Kµν =
1
2N (∂ygµν −∇µNν −∇νNµ), (2.50)
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where gµν is the induced metric, Nµ is a shift function andN =
√
gyy −NµNµ is a lapse
function. Let us first consider perturbations around Minkowski spacetime
gµν = ηµν + δgµν , (2.51)
The lapse function is given in terms of the brane bending mode ϕ by Nµ = rc∇µϕ. Then
the extrinsic curvature is given in term of ϕ by
δKµν = −rc∇µ∇νϕ. (2.52)
An important result obtained by solving the 5D perturbations is that we can neglect
the y derivative of the induced metric in the junction condition because
∂ygµν ≪ rc∇2δgµν . (2.53)
Then the junction condition becomes
δGµν = κ
2
4δTµν − (∇µ∇ν − gµν∇2)ϕ. (2.54)
On the other hand, the Gauss equation in the bulk, that is the (y, y) component of the 5D
Einstein equations, gives
R−K2 +KµνKµν = 0. (2.55)
Then combining Eqs. (2.54) and (2.55), we get the equation for ϕ as
3∇2ϕ+ r2c
[
(∇2ϕ)2 − (∇µ∇νϕ)2
]
= −κ24T, (2.56)
which reproduces Eq. (2.22) for static perturbations. We should emphasize that the non-
linear terms for ϕ come from the non-linear terms of Kµν . Even if we are dealing with
weak gravity where the induced curvature is small, this does not necessarily mean that the
non-linearity of Kµν can be neglected. We should also note that the higher order terms
in ϕ comes from NµNµ which is given by (rcϕ,r)2 in a spherically symmetric spacetime.
We have shown that these contributions are suppressed as long as r > rg.
In a cosmological background, the extrinsic curvature has contributions from the
background
Ktt = −N
′
N
Kij =
A′
A
δij . (2.57)
This gives an additional first order contribution in the Gauss equation [19, 22]
δ(−K2 +KµνKµν) = 2rc
(
N ′
N
+ 2
A′
A
)
∇2ϕ. (2.58)
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This modifies the coefficient of the linear kinetic term for ϕ to 3β. In de Sitter spacetime,
this is exactly the origin of the ghost in the self-accelerating solution.
The equation of motion for ϕ can be derived from the action
S ∝ −
∫
d4x
√−γ
[
3β(∇ϕ)2 + r2c (∇ϕ)2∇2ϕ
]
, (2.59)
assuming static perturbations. Defining a new field π as π = M4ϕ, where κ24 = 1/M24 ,
the action can be rewritten as
S ∝ −
∫
d4x
√−γ
[
3β(∇π)2 + 1
Λ3
(∇π)2∇2π
]
, (2.60)
where Λ = (M4/r2c )1/3. In de Sitter spacetime, this agrees with the boundary effective
action for the brane bending mode derived in Ref. [18, 19]. Thus our solution is consistent
with the effective theory for the brane bending mode of Refs. [18, 19].
2.4.2 Effective equation on the brane
It is also possible to construct an effective theory for ϕ using the effective equations on
the brane. Projecting the 5D Einstein equations on the brane, the effective equations are
given by [76, 77]
Gµν = κ
4Πµν − Eµν , (2.61)
where
Πµν = −1
4
T˜µαT˜
α
ν +
1
12
T˜ T˜µν +
1
8
gµνT˜αβT˜
αβ − 1
24
gµν T˜
2, (2.62)
T˜µν = Tµν − κ−24 Gµν , (2.63)
and Eµν is the projection of electric part of the 5D Weyl tensor. For fluctuations around
the vacuum Minkowski spacetime, Gµν is written solely in terms of ϕ from Eq. (2.54).
Thus the effective equations are written in terms of ϕ except for Eµν . The resultant
effective equations are [78]
−(∇µ∇ν − gµν∇2)ϕ = −Eµν (2.64)
− r
2
c
2
[
gµν
{
(∇2ϕ)2 − (∇α∇βϕ)2
}− 2{(∇2ϕ)(∇µ∇νϕ)− (∇µ∇αϕ)(∇ν∇αϕ)} ].
Taking the trace of this equation gives
3∇2ϕ+ r2c
[
(∇2ϕ)2 − (∇µ∇νϕ)2
]
= 0, (2.65)
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because Eµν is traceless. This reproduces the equation of motion for ϕ, Eq. (2.22). On
the other hand, the (t, t) component gives
3∇2ϕ+ 3
2
r2c
[
(∇2ϕ)2 − (∇µ∇νϕ)2
]
= 3Ett. (2.66)
If we neglectedEtt, this equation would contradict Eq. (2.65) as is pointed out by Ref. [78].
However, we should not neglect Eµν . From the 5D metric, Ett is calculated as
Ett = −3Φ′′ −∇2(Γ− rcϕ′). (2.67)
It should be emphasized that Ett contains the second derivative of the metric with re-
spect to y. Therefore, unless we solve the 5D perturbations, it is impossible to evaluate
this term on the brane as the junction condition on the brane only determines the first
derivatives. Using the solutions Eqs. (2.14) and (2.15) and the equations on the brane
Eqs. (2.20), (2.21) and (2.22), Ett is evaluated as
Ett =
r2c
6
[
(∇2ϕ)2 − (∇µ∇νϕ)2
]
. (2.68)
Then it turns out that the (t, t) component is fully consistent with Eq. (2.65). Thus the
effective equations (2.61) are consistent with our solutions. This is in fact trivial as the
effective equations are nothing but the projection of 5D Einstein equations. Thus as long
as we solve the 5D equations, the solutions should trivially satisfy the effective equations.
2.4.3 Condition on Eµν
At linearised level, it was shown that the regularity condition for bulk perturbations gives
a condition on Eµν which cannot be determined by equations on the brane [36]. Here we
check that this condition is not modified by the inclusion of non-linear interactions of ϕ.
First let us parameterize Eµν as
δEtt = κ
2
4δρE, δE
i
j = −κ24
[1
3
δρEδ
i
j + δπ
i
E j
]
, (2.69)
where δπiE j = ∇i∇jδπE−(1/3)δij∇2πE . In a cosmological background, these quantities
are given by
κ24δρE = 3Φ
′′ +
∇2
a2
(Γ− rcϕ′), (2.70)
κ24δπE = Γ− rcϕ′. (2.71)
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Then using Eqs. (2.14), (2.15) and (2.17), it is possible to show that these satisfy the
condition
δρE + 2
∇2
a2
δπE = 0. (2.72)
Note that we have already used the regularity condition to assume Φ′ ∼ kΦ and neglect
terms suppressed by aH/k ≪ 1. This is exactly the condition obtained in Ref. [36]. As
in the Minkowski case, we can evaluate δρE as
κ24δρE = −
1
6
[
1± 2Hrc
(
1 + H˙
H2
) ]
[
1± 2Hrc
(
1 + H˙
3H2
) ] r2c
a4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]
+
2
3
[
1± 2Hrc
(
1 + H˙
2H2
) ]
[
1± 2Hrc
(
1 + H˙
3H2
) ]κ24δρ. (2.73)
This agrees with the result obtained in Ref. [36] if we neglect the second order terms of
ϕ. The (t, t) component of the effective Einstein equation gives
δGtt = 2
A′
A
rc
a2
∇2ϕ− r
2
c
2a4
[
(∇2ϕ)2 − (∇i∇jϕ)2
]− κ24δρE , (2.74)
where we used the expressions for Πµν in terms of the extrinsic curvature
κ4Πµν = KK
µ
ν −KµρKνρ −
1
2
δµν (K
2 −KαβKαβ), (2.75)
and Eqs. (2.52) and (2.57). Using the solution for δρE , it is possible to check that this
equation reduces to Eq. (2.20) using Eq. (2.22).
2.5 Discussion
In this chapter, we studied quasi-static perturbations in a cosmological background in the
DGP brane world. Using Gaussian coordinates, we derived the solutions for weak gravity
by taking into account the non-linear interactions of the brane bending mode. Solving
the bulk metric perturbations and imposing a regularity condition, we got a closed set of
equations, Eqs. (2.20), (2.21) and (2.22) on the brane. At linearised level the theory is
described by a BD theory with the BD parameter given by ω = 3(β − 1)/2, where β is
given by Eq. (2.23). We studied the effects of non-liner interactions of the brane bending
mode assuming spherical symmetry. We found that the Vainshtein radius at which non-
linear interactions of the bending mode become important is given by r3∗ = r3V /β2 where
rV is the Vainshtein radius in the Minkowski background. In the early universe, β2 ≫ 1,
so the Vainshtein radius is very small. Note that in this limit, we recover 4D General
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Relativity even at linearised level, as the BD parameter becomes large [22, 75]. On the
other hand, in the self-accelerating universe, Hrc = 1, β2 = 1, so the Vainshtein radius
is the same as in a Minkowski background. On scales smaller than the Vainshtein radius,
r < r∗, the solution approaches 4D General Relativity. Our solutions agree with the
results of Lue, Starkman and Scoccimarro [52, 53] in the Friedmann background, and
the results of Gruzinov, Tanaka and Middleton and Siopsis [51, 20, 55] in the Minkowski
background.
Our equations can be applied to cosmological perturbations on subhorizon scales in
the matter-dominated era. Although the non-linear equations are difficult to solve in this
case, we can estimate the scale at which the non-linear interactions of the brane bend-
ing mode become important. We found that once the dark matter over-density becomes
non-linear, the non-linear terms of the bending mode also become important and the
behaviour of metric perturbations approach to 4D General Relativity. This result is in
accord with the finding in Lue, Scoccimarro and Starkman [53] where a spherical sym-
metric collapse is studied in the self-accelerating background. Our result indicates that
the linearised cosmological perturbation analysis does make sense in the same way as in
the conventional 4D cosmology, as opposed to a claim made by Dvali [33].
We checked the consistency of our solutions with the effective equations on the brane.
First, we checked that our solutions can be derived from the boundary effective theory
for the bending mode derived in references [18, 19]. Following Gabadadze and Iglesias
[78], we also checked the consistency of our solutions with the effective equations on
the brane derived by a projection of 5D Einstein equations. A key quantity is the electric
part of the bulk Weyl tensor projected onto the brane Eµν . If we neglected this Weyl
contribution, the effective equations were inconsistent. Using the solutions in the bulk,
we can evaluate Eµν on the brane. We have shown that once the contribution from Eµν is
properly taken into account, the effective equations are fully consistent. Our analysis is
consistent with the boundary effective action Eq. (2.60) at least for static perturbations.
It was pointed out that this effective action manifests superluminal propagation if we
consider time-dependent fluctuations around a spherically symmetric solution [79]. It
would be important to extend our 5D analysis to include time-dependent perturbations
to check the validity of the boundary effective action with time-dependent perturbations,
and understand the causality of the propagation in the 5D spacetime.
Our conclusion is different from that of Deffayet, Gabadadze and Iglesias [34]. They
have argued that the linearised perturbations, which by themselves are valid at r > r∗,
are not guaranteed to match to the solution inside r < r∗. This argument is based on the
Schwarzschild solution obtained by Gabadadze and Iglesias [35], which does not recover
the linearised solution in the region r > r∗. However, the Schwarzschild solution in
reference [35] is not derived by solving the bulk metric and imposing a proper boundary
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condition in the bulk. Instead they imposed a specific form of the metric and closed
the equations on the brane. This is in fact the same as imposing an ad hoc condition
on Eµν . As we have shown in this chapter, the condition on Eµν has to be determined
by solving the bulk metric and imposing an appropriate boundary condition in the bulk.
For weak gravity that is valid for r > rg, the regularity condition in the bulk uniquely
determines a condition for Eµν , eq. (2.72). The Schwarzschild solution found in ref. [35]
does not satisfy this condition in the weak gravity region. Thus their solution is unlikely
to describe weak gravity sourced by a physical local source on a brane. On the other
hand, it is still an open question what is the proper condition on Eµν for strong gravity.
An outstanding open question is to find a fully non-linear spherically symmetric solution
that properly reproduces the solutions Eqs. (2.33) and (2.36) for weak gravity.
Finally, we comment on the ghost problem. Our analysis shows that the linearised
analysis does make sense as long as we consider scales beyond the Vainshtein radius r∗
for a local source. Then on scales r > r∗ we find a ghost in the self-accelerating universe.
Usually, we expect an instant instability of the spacetime in the presence of the ghost.
Then the self-accelerating universe would not be a viable background for cosmology.
However, in this case, it is not so obvious that the ghost leads to an instant instability of
the spacetime classically [80], or even quantum mechanically [81]. Furthermore, non-
linear interactions of the bending mode would become important if instabilities kick in.
Further study is needed to understand the fate of this ghost. On the other hand, the
normal branch solution is free from the ghost. Although the solution itself cannot be an
alternative to dark energy or the cosmological model, as we’ve seen in section 1.2.1. This
model also provides a concrete example for the large-distance modification of gravity
[39]. Our equations (2.20), (2.21) and (2.22) are the basis for the study of structure
formation tests in this model.
Chapter 3
Cosmological perturbations in the DGP
braneworld - numeric solution
3.1 Introduction
Several authors have considered the problem of the dynamics of perturbations in the DGP
model, but they have all relied on some sort of approximation or simplifying ansatz.
Two examples of this are the quasi-static (QS) approximation developed by Koyama
and Maartens [36] and the dynamical scaling (DS) ansatz proposed by Sawicki et al.
[80]. The former approximation scheme solves the perturbative equations of motion by
focussing on the extreme subhorizon regime. In contrast the DS method, which assumes
that perturbations evolve as power laws of the scale factor with time-varying power law
indices, is supposed to be valid on all scales. It has been shown that the DS solution
approaches the QS solution for subhorizon perturbations.
In this chapter we present a complete numerical analysis of the evolution of scalar
perturbations in the DGP model. Mathematically, the problem involves the solution of
a partial differential equation in the bulk coupled to an ordinary differential equation
on the brane. A numerical method for dealing with such systems has previously been
developed for cosmological perturbations in the Randall-Sundrum (RS) model [82, 83].
However, the DGP problem is more complicated than the RS case due to a non-local
boundary condition on the bulk field. Hence, the algorithm used in this chapter represents
a significant generalization of the one used in Refs. [82, 83].
Unfortunately, some theoretical issues cast doubt on the validity of the self-accelerating
DGP solutions. Specifically, the existence of a perturbative ghost perhaps suggests that
this solution cannot describe our Universe [41, 38], though there has been a debate on
the physical implication of the ghost mode (for a review see [46] and references therein).
However, as alluded to above there is another “normal” branch of solutions in the DGP
28
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model. We cannot explain the late time accelerated expansion of the Universe using the
normal branch without including an effective cosmological constant induced by the brane
tension σ. However, by allowing a non-zero σ, normal branch solutions can mimic dark
energy models with the equation of state w smaller than−1 [26, 27]. Cosmological con-
straints on the background dynamics of these models have been studied [24, 84]. Unlike
4-dimensional models that realize w < −1 by the introduction of a phantom field, the
normal branch of DGP cosmology is ghost-free [39]. This unique feature is what moti-
vates us to numerically study the perturbations of the normal branch of DGP cosmology
in the penultimate section of this chapter. The behaviour of perturbations in the normal
branch has been independently obtained by Song [85] using the DS method.
The structure of the chapter is as follows: The background cosmology of the DGP
model is discussed in section 3.2. In 3.3, we express the equations of motion for scalar
and tensor perturbations of the DGP model in the dimensionless canonical form intro-
duced in 3.3.1. The numerical method used to solve these canonical equations of motion
is developed in appendix A. Our algorithm is tested in section 3.5, where we numer-
ically recover analytic results for the behaviour of tensor perturbations in matter-free
DGP models. In sections 3.6 and 3.7, we solve the scalar perturbations problem in the
self-accelerating and normal branches, respectively. Finally, section 3.8 is reserved for
our conclusions.
3.2 Background solution
3.2.1 Field equations and junction conditions
We consider a 5-dimensional manifold M with metric gab, and covered by coordinates
{Xa}4a=0. The manifold has a 4-dimensional brane boundary ∂Mb with intrinsic metric
γαβ, and covered by coordinates {xα}3α=0. By including tension in the brane, σ, the action
of the model, eq. (1.3) will look like
S =
1
2κ2
∫
M
d5X
√−gR(5) + 1
2κ24
∫
∂Mb
d4x
√−γR(4) +
∫
∂Mb
d4x
√−γ(Lm − σ). (3.1)
We impose the Z2 symmetry that the bulk is mirror symmetric about the brane.1 The field
equations satisfied inM are simply
R
(5)
ab = 0. (3.2)
1Technically,M refers to one half of the total bulk spacetime.
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We write the brane normal pointing into M as na. We find that the brane’s extrinsic
curvature,
Kαβ = e
a
αe
b
β∇anb, eaα =
∂Xa
∂xα
, (3.3)
must satisfy [77]
Kαβ −Kγαβ − rcG(4)αβ = −12κ2(Tαβ − σgαβ), (3.4)
where we have defined the cross-over distance rc by
rc =
κ2
2κ24
. (3.5)
We assume that the stress-energy tensor of the brane matter,
Tαβ = − 2√−γ
δ(
√−γLm)
δγαβ
= (ρ+ p)uαuβ + pgαβ , (3.6)
is of the perfect fluid form. Note that as in GR, the stress energy tensor is conserved,
∇αTαβ = 0. Using the Gauss-Codazzi equations, it is possible to re-write the junction
conditions (3.4) as the effective Einstein equations [77]
G(4)µν = (2κ
2
4rc)
2Πµν − Eµν , (3.7)
where
Πµν = −14 T˜µαT˜να + 112 T˜ T˜µν + 124(3T˜αβT˜ αβ − T˜ 2)gµν ,
T˜µν = Tµν − σgαβ − κ−24 G(4)µν , (3.8)
and Eµν is the trace-free projection of the 5-dimensional Weyl tensor.
An important tool that is often used to analyze braneworld models is the “Gaussian-
normal” coordinates. These are constructed by looking at the spatial geodesics that ex-
tend perpendicularly from ∂Mb intoM. Gaussian-normal coordinates are then given by
(xα, y), where y is the affine parameter along these geodesics and xα are 4-dimensional
coordinates on the family of hypersurfaces tangent to the brane. Without loss of gener-
ality, we can set the brane to be at y = 0. Most importantly, the derivative of any bulk
scalar quantity with respect to y on the brane corresponds to the normal derivative:
(∂yψ)b =
∂ψ
∂y
∣∣∣∣
y=0
= na∂aψ. (3.9)
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Below, (∂y · · · )b will always be understood to be the normal derivative of some quantity
evaluated at the brane.
3.2.2 Bulk geometry and brane trajectory
One solution of the above field equations makes use of the following 5-dimensional flat
metric with Rabcd = 0:
ds2 = gabdX
adXb = −r2c du dv + v2 dx2. (3.10)
Here, u and v are dimensionless null coordinates. The brane is defined parametrically by
(u, v) = (ub(t), vb(t)), where
vb(t) = a(t), ub(t) =
1
r2c
∫ t
0
dx
a˙(x)
. (3.11)
Here, a(t) is the scale factor of the brane universe, normalized to unity today, and t is the
proper time along the brane. The latter implies that the following induced line element
on the brane is of the FRW form:
ds2b = γαβdx
αdxβ = −dt2 + a2(t) dx2. (3.12)
We have selected the u coordinate such that ub(0) = 0 and the brane moves in the
direction of increasing u and v. The 5-velocity of the brane ua and brane normal na
are given by
∂t = u
a∂a =
dxa
dt
∂
∂xa
=
1
r2c a˙
∂u + a˙ ∂v, (3.13a)
∂y = n
a∂a = ǫ
[
− 1
r2c a˙
∂u + a˙∂v
]
. (3.13b)
These satisfy
u
a
ua = −1, uana = 0, nana = 1. (3.14)
The ǫ = ±1 parameter in the definition of the brane normal (3.13b) reflects the fact that
when we impose the Z2 symmetry across the brane, we have two choices for the half of
the bulk manifoldM we discard.
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The junction conditions (3.4) can be used to determine the brane dynamics, which
are governed by
H =
a˙
a
=
1
2rc
[
ǫ+
√
1 +
4
3
κ24r
2
c (ρ+ σ)
]
, (3.15a)
dρ
dt
= −3(1 + w)ρH, (3.15b)
dH
dt
= − rcκ
2
4(1 + w)ρH√
1 + 4
3
r2cκ
2
4(ρ+ σ)
. (3.15c)
Note that when ǫ = +1, we have that Hrc ≈ 1 when the density of brane matter is
small |ρ + σ| ≪ κ−24 r−2c . This implies a late-time accelerating universe, which is why
the ǫ = +1 case is called the self-accelerating branch and the ǫ = −1 case is called the
normal branch.
3.3 Master equations governing perturbations
3.3.1 Dimensionless coordinates and canonical wave equations
In this chapter, we will consider the perturbations of the DGP model governed by a field
ψ defined on the bulk spacetimeM coupled to a dynamical field ∆ residing on the brane
∂Mb. It is useful to decompose these fields into Fourier modes as follows:
ψ(u, v,x) =
∫
d3k
(2π)3/2
ψk(u, v)e
ik·x, (3.16a)
∆(t,x) =
∫
d3k
(2π)3/2
∆k(t)e
ik·x. (3.16b)
As usual for linear theory, the individual k modes are decoupled from one another. In
what follows, we will omit the k subscript from ψk and ∆k. That is, ψ and ∆ refer to the
Fourier amplitudes of modes with wavevector k. We will also assume that a normaliza-
tion has been selected such that the Fourier amplitudes are dimensionless.
For a given mode, we define the “*” epoch as the moment when a given mode crosses
the Hubble horizon:
k = H∗a∗, k
2 = k · k. (3.17)
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Then, we can define a set of normalized variables (decorated with hats):
Hˆ = Hrc, kˆ = krc/a∗, ρˆ = κ
2
4r
2
cρ,
σˆ = κ24r
2
cσ, tˆ = t/rc, yˆ = y/rc,
aˆ = a/a∗, uˆ = a∗u, vˆ = v/a∗. (3.18)
Explicitly, we have
Hˆ =
1
2
[
ǫ+
√
1 +
4
3
(ρˆ+ σˆ)
]
, (3.19a)
kˆ =
1
2
[
ǫ+
√
1 +
4
3
(ρˆ∗ + σˆ)
]
= Hˆ∗. (3.19b)
It is also useful to define the 2-dimensional Cartesian coordinates
x0 = τ =
vˆ + uˆ
2
, x1 = z =
vˆ − uˆ
2
. (3.20)
In terms of these coordinates, the dimensionless tangential ∂ˆt = UA∂A and normal ∂ˆy =
N
A∂A derivatives to the brane are
∂ˆt =
1
2
[(
Hˆaˆ+
1
Hˆaˆ
)
∂
∂τ
+
(
Hˆaˆ− 1
Hˆaˆ
)
∂
∂z
]
, (3.21a)
∂ˆy =
ǫ
2
[(
Hˆaˆ− 1
Hˆaˆ
)
∂
∂τ
+
(
Hˆaˆ+
1
Hˆaˆ
)
∂
∂z
]
, (3.21b)
where
−1 = UAUA, 1 = NANA, 0 = UANA, (3.22)
and capital roman indices A,B = 0, 1 are raised and lowered with the flat 2-metric
ηAB = diag(−1, 1).
The brane trajectory in the (τ, z) plane is given by the solution of
daˆ
dtˆ
= Hˆaˆ, (3.23a)
dτb
dtˆ
=
1
2
(
Hˆaˆ +
1
Hˆaˆ
)
, (3.23b)
dzb
dtˆ
=
1
2
(
Hˆaˆ− 1
Hˆaˆ
)
, (3.23c)
subject to the initial conditions
aˆ(0) = aˆi, τb(0) =
1
2
aˆi, zb(0) =
1
2
aˆi. (3.24)
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If ǫ = +1, the normal points in the direction of increasing z and the “bulk” corresponds
to the portion of the (τ, z) plane to the right of the brane; if ǫ = −1 the opposite is true.
We will find below that the equations governing the bulk ψ = ψ(τ, z) and brane field
∆ = ∆(tˆ) are of the form:
0 = (∂2τ − ∂2z + V )ψ, (3.25a)
(∂yˆψ)b = λ1∆+ λ2Ξ + λ3ψb + λ4ψ
′
b + λ5ψ
′′
b , (3.25b)
Ξ′ = λ6∆+ λ7Ξ + λ8ψb + λ9ψ
′
b + λ10ψ
′′
b , (3.25c)
∆′ = Ξ, (3.25d)
where we have introduced the auxiliary field Ξ, which corresponds to the time derivative
of ∆. In (3.25), a prime ′ denotes the derivative with respect to the dimensionless proper
time d/dtˆ and ψb = ψb(tˆ) = ψ(τb(tˆ), zb(tˆ)) is the value of the bulk field on the brane.
Also, V = V (τ, zˆ) is the bulk potential and the coefficients λn = λn(aˆ) are functions of
the brane scale factor. All quantities appearing in (3.25) are dimensionless. We refer to
(3.25) as the canonical form of the perturbative equations of motion.
3.3.2 Density perturbations in the late universe
In this subsection we describe the formulae governing scalar perturbations in the late-
time matter dominated universe. We take the matter content of the brane to be a dust
fluid w = 0 (i.e., cold dark matter):
ρ ∝ a−3. (3.26)
In the 5-dimensional longitudinal gauge, scalar-type perturbations2 of the bulk geom-
etry (3.10) can be written as
ds2 = −r2c (du dv + Fuudu2 + 2Fuvdu dv + Fvvdv2)
+ rc(fuidu+ fvidv)dx
i + v2(1 + 2R)δijdxidxj. (3.27)
It can be shown that the dynamics of all of the perturbative quantities in this expression
can be derived from a single scalar bulk degree of freedom [86]. After Fourier decompo-
sition, we find that the mode amplitude Ω = Ω(u, v) of this master field obeys
0 =
∂2Ω
∂u∂v
− 3
2v
∂Ω
∂u
+
k2r2c
4v2
Ω. (3.28)
2That is, perturbations that can be derived from scalar potentials defined on the 3-dimension spatial
sections.
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coefficient scalar case (matter domination) tensor case (pure tension brane)
λ1
3
2
ǫρˆaˆ3/2kˆ−2γ4 0
λ2 0 0
λ3 −34ǫHˆ−1Hˆ ′γ1 − 38ǫHˆ(4 + 3γ1 − 9γ3 + 2ǫγ4)− 34ǫkˆ2Hˆ−1aˆ−2γ3 kˆ2aˆ−2 + 34Hˆ(2ǫ− Hˆ)
λ4
3
4
ǫ(3γ3 − 2γ2) 0
λ5 −12ǫHˆ−1γ1 1
λ6
1
2
ρˆγ2 0
λ7 −2Hˆ 0
λ8 −14ǫkˆ4aˆ−7/2γ4 0
λ9 0 0
λ10 0 0
λ11 = λ
′
5
1
2
ǫHˆ−2Hˆ ′γ1 0
λ12 = λ
′
10 0 0
Table 3.1: Dimensionless coefficients appearing in the canonical wave equations (3.25) for the case of scalar perturbations in the late universe
and tensor perturbation of a pure tension brane. Even though the λ11 and λ12 coefficients do not appear in (3.25), they are crucial for the
numeric scheme developed in appendix A. We make use of the γ-factors defined in Eq. (3.49) and the following notation: Hˆ ′ = dHˆ/dtˆ =
−(1 + w)ρˆ(1 + 4
3
µˆ)−1/2, µˆ = ρˆ+ σˆ, and ρˆ = ρˆ∗aˆ−3.
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We parameterize the fluctuations of the brane geometry by the two metric potentials Φ
and Ψ:
ds2b = −(1 + 2Ψ)dt2 + a2(1 + 2Φ)δijdxidxj. (3.29)
Finally, we write the perturbation of the brane fluid stress energy tensor as
δT 00 = −δρ, δT 0i = a ∂iδq, δT ij = δp δij . (3.30)
One can construct the comoving density perturbation from these quantities as follows:
ρ∆ = δρ− 3Ha δq. (3.31)
Both ∆ and Ω are gauge invariant quantities under a coordinate transformation on the
brane and in the bulk. Note that ∆ is the density contrast of the cold dark matter only,
not the total density contrast.
3.3.3 Boundary condition and ∆ equation of motion for scalar per-
turbations
In this section we will derive the boundary condition satisfied by the bulk master variable
Ω and the second order equation of motion for the density perturbation ∆ for scalar
perturbations. For the sake of generality we shall derive them for a brane with curvature,
K. The Friedmann equation now has the extra curvature term:
H2 − K
a2
− (a
′/a)
rc
=
κ24
3
ρ, (3.32)
where the prime is shorthand for the derivative along the extra dimension. For the rest of
the chapter, however, we’ll be considering K = 0, which means that (a′/a) = ǫH and
(n′/n) = ǫ(H˙/H +H).
We begin with the linearized version of the effective Einstein equations (3.7):
δG(4)µν = (2κ
2
4rc)
2δΠµν − δEµν . (3.33)
In this expression, δG(4)µν and δΠµν can be obtained by using the perturbed brane metric
(3.29) and perturbed stress energy tensor (3.30). We can parameterize the perturbations
of the bulk Weyl “fluid” Eµν as follows:
δEµν = −κ24
(
−δρE aδqE,i
a−1δq ,iE
1
3
δρE δij + δπ
i
E j
)
. (3.34)
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Here, δπEij = δπE,ij − 13δπE,k,k δij , a comma denotes partial differentiation and indices are
raised and lowered with the flat 3-metric. Using this in the (0, i) component of the per-
turbed effective Einstein equations (3.33), we obtain the following equation:
HΨ− Φ˙ = κ
2
4
2
(
2(a′/a)rc
2(a′/a)rc − 1
)(
aρV
k
+
δqE
2(a′/a)rc
)
, (3.35)
where we have made use of the fact that the background brane matter distribution is CDM
plus a possible effective cosmological constant induced by the brane tension. Combining
this with the (0, 0) component of (3.33) yields the Poisson equation:
(k2 + 3K)
a2
Φ =
κ24
2
(
2(a′/a)rc
2(a′/a)rc − 1
)(
ρ∆− δρE − 3HδqE
2(a′/a)rc
)
. (3.36)
In these formulae, the gauge invariant density perturbation ∆ is defined in (3.31), while
the invariant velocity perturbation is given by V = −k δq/ρ in the longitudinal gauge.
Additional relations can be obtained by noting that
δ(∇αTαβ) = 0. (3.37)
Combining (3.35) with (3.37) yields a second order differential equation for ∆:
∆¨ + 2H∆˙ = −(k
2 + 3K)
a2
Ψ+
3
2
F˙ + 3HF, (3.38)
with
F =
κ24δqE
2(a′/a)rc − 1 . (3.39)
Now, one important feature that distinguishes braneworld cosmological fluctuations
from the GR case is that in addition to perturbations of the geometry and the matter, we
must also consider perturbations of the brane’s position. That is, in the Gaussian normal
coordinates system the brane is located at y = 0 before perturbation and at y = ξ after
perturbation, where ξ is the scalar brane bending degree of freedom. It is useful to param-
eterize the perturbed geometry of the y = 0 hypersurface (i.e., the brane’s unperturbed
position) by
ds2y=0 = −(1 + 2A)dt2 + a2(1 + 2R)δijdxidxj . (3.40)
The metric potentials at the unperturbed brane position (A,R) are then related to the
metric potentials at the perturbed position (Ψ,Φ) by
Ψ = A− (n′/n)ξ, Φ = R− (a′/a)ξ. (3.41)
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[74] has shown that the brane bending scalar is simply given by
ξ = −rc(Φ + Ψ). (3.42)
In addition, he demonstrated that it is possible to express A and R in terms of the bulk
master variable Ω:
A = 1
6a
[
3ǫ ((n′/n)− 2(a′/a)) (∂yΩ)b − 2(k
2 + 3K)
a2
Ωb − 3Ω¨b + 6HΩ˙b
]
,
R = 1
6a
[
3(a′/a)(∂yΩ)b +
(k2 + 3K)
a2
Ωb − 3HΩ˙b
]
, (3.43)
where Ωb = Ωb(t) = Ω(ub(t), vb(t)). It can also be shown [74] that the Weyl fluid
perturbations are also directly given by Ω:
κ24δρE = k
2 (k
2 + 3K)
3a5
Ω, κ24δqE = −
(k2 + 3K)
3a3
(HΩ− Ω˙). (3.44)
Now, these formulae in conjunction with the wave equation (3.28) can be used to
re-write the Poisson equation (3.36) as:
2rcκ
2
4ρ∆ = 4rc
(k2 + 3K)
a2
Φ +
2(k2 + 3K)
a2
ξ − (k
2 + 3K)
a3
[(∂yΩ)b − (a′/a)Ωb]. (3.45)
Then, one can use (3.41)–(3.43) in this equation to obtain the boundary condition:
(∂yΩ)b = − γ1
2(a′/a)
Ω¨b+
9γ3
4
Ω˙b−3(γ3(k
2 + 3K) + γ4(a′/a)2a2)
4Ha2
Ωb+
3rcκ
2
4ρa
3(a′/a)γ4
2(k2 + 3K) ∆.
(3.46)
One can then use (3.46) with (3.41)–(3.43) to get Φ and Ψ in terms of Ωb and ∆:
Φ = +
κ24ρa
2γ1
2(k2 + 3K)∆ +
γ1
4a(a′/a)rc
Ω˙b − ((k
2 + 3K) + 3(a′/a)2a2) γ1
12(a′/a)rca3
Ωb,
Ψ = − κ
2
4ρa
2γ2
2(k2 + 3K∆+
γ1
4(a′/a)rca
Ω¨b − 3(a
′/a)γ4
4a
Ω˙b +
+
(
(a′/a)rc
H
(k2 + 3K)γ4 + (a′/a)a2γ2
)
4rca3
Ωb. (3.47)
Finally, substituting (3.47) and (3.44) into (3.38) gives the final form of the ∆ equa-
tion of motion:
∆¨ + 2H∆˙− 1
2
κ24ργ2∆ = −
k2(k2 + 3K)
4a5
(a′/a)
H
γ4Ωb; (3.48)
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In these expressions, the dimensionless γ-factors are:
γ1 =
2(a′/a)rc
2(a′/a)rc − 1 , (3.49a)
γ2 =
2ǫrc ((n
′/n)− 2(a′/a) + 2(a′/a)2rc)
(2(a′/a)rc − 1)2 , (3.49b)
γ3 =
4rc (2rc(n
′/n)H − 3H + 4(a′/a)Hrc)
9(2(a′/a)rc − 1)2 , (3.49c)
γ4 =
4 ((n′/n)Hrc −H +H(a′/a)rc)
3(a′/a)(2(a′/a)rc − 1)2 . (3.49d)
From these formulae, it follows that the bulk field Ω has dimensions of (length)2.
The bulk wave equation (3.28), boundary condition (3.46) and (3.48) are the equations
we must solve. Once we know ∆ and Ω the metric perturbations Φ and Ψ can be obtained
by differentiation. Another quantity of interest is the curvature perturbation in uniform
density slices, which is given by
ζ = Φ +
Ha
ρ
δq +
1
3
∆, (3.50)
assuming matter domination. This can be explicitly represented in terms of ∆ and Ωb,
and already setting K = 0:
ζ =
(
1
3
+
κ24ρa
2γ1
2k2
)
∆+
Ha2
k2
∆˙− ǫγ1k
2
12Hrca3
Ωb. (3.51)
This quantity is interesting because it is expected to be conserved on superhorizon scales
for any metric theory of gravity [87], including the DGP model. Hence, an explicit
verification that ζ is constant when k ≪ Ha provides a useful consistency check of our
numerical code.
We can define a dimensionless canonical bulk field ψ by
ψ =
a
1/2
∗
v3/2r2c
Ω. (3.52)
Substitution of this into (3.28) confirms that ψ satisfies the canonical bulk wave equation
(3.25a) with potential
V (τ, z) =
kˆ2
(τ + z)2
. (3.53)
We can then then replace Ω with ψ in (3.46) and (3.48) and make use of (3.18) to obtain
the canonical boundary condition (3.25b) and ∆ equation of motion (3.25c). The explicit
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expressions for the dimensionless λn coefficients are given in Table 3.1. Finally, it is
useful to define a dimensionless version of Ω as follows:
Ωˆ = vˆ3/2ψ = a−1∗ r
−2
c Ω. (3.54)
Generally speaking, it is more useful to work with Ωˆ than Ω for numeric computations,
and later on we will present plots of Ωˆ instead of Ω.
3.3.4 Tensor perturbations
For tensor perturbations, we restrict ourselves to cases where there is no ordinary matter
on the brane,
ρˆ = 0, σˆ = 3Hrc(Hrc − ǫ). (3.55)
Tensor type perturbations of the bulk geometry are described by perturbations of the
form:
ds2 = −r2c du dv + v2(δij + Eij)dxidxj, (3.56)
where the 3-tensor Eij is given by
Eij =
∑
A=⊕,⊗
∫
d3k
(2π)3/2
EA
k
(u, v)eik·xeAij(k). (3.57)
Here, eAij is a constant polarization tensor satisfying
∂ae
A
ij(k) = δ
ijeAij(k) = k
ieAij(k) = 0. (3.58)
For brevity, we omit the k subscript and A superscript on the mode amplitude EA
k
(u, v)
below. Perturbations of the bulk Einstein equations yield
δR
(5)
ab = 0 ⇒ 0 =
∂2E
∂u ∂v
+
3
2v
∂E
∂u
+
k2r2c
4v2
E. (3.59)
Note that this is equivalent to∇a∇a(Eeik·x) = 0. Perturbation of the junction conditions
yields that
(∂yE)b = rc
(
E¨b + 3HE˙b +
k2
a2
Eb
)
. (3.60)
To bring this into the canonical form we introduce the new bulk variable
ψ =
v3/2
a
3/2
∗
E, (3.61)
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which satisfies the canonical bulk wave equation with potential
V (τ, z) =
kˆ2
(τ + z)2
. (3.62)
Substitution of (3.61) into the boundary condition (3.60) yields the other canonical coef-
ficients λn in (3.25), which are listed in Table 3.1. Note that since there is no brane field
∆ in this case, we set λn = 0 for n = 1, 2, 6, 7, 8, 9, 10.
3.4 Numeric Method
The method used to numerically solve equations (3.25) was developed by Anto´nio Car-
doso and Sanjeev S. Seahra and is based on their previous works [82, 83]. We include a
description of it as appendix A.
3.5 Tensor perturbations about a de Sitter brane
In this section, we numerically model the behaviour of tensor perturbations about a de
Sitter brane. Now, it is actually possible to solve this problem analytically, as done by
Bouhmadi-Lopez et al. [88]. Hence, the purpose of the numeric analysis is not to find
new results, it is merely to compare the results of our code to a known solution. That is,
we test our code in a scenario where we know what the correct answer should be.
For this scenario, the governing bulk wave equation governing the tensor amplitude
E is separable in Gaussian-normal coordinates, which allows for a Kaluza-Klein mode
decomposition. Within the spectrum, one can always find a single discrete mode that is
normalizable in the bulk. The 4-dimensional mass of this excitation is given by [37, 41]
m20
H2
=


3Hrc−1
(Hrc)2
, ǫ = +1 and Hrc > 2/3,
0, ǫ = −1.
(3.63)
In practical terms, the existence of this bound state means that for any choice of initial
data, we expect the late time behaviour of the brane amplitude to be well described by a
solution of
E¨b + 3HE˙b +
(
k2
a2
+m20
)
Eb = 0, (3.64)
where a = a(t) = eHt. It is easy to verify that this implies
lim
t→∞
Eb(t) ∝

a
−1/Hrc , ǫ = +1 and Hrc > 2/3,
a0, ǫ = −1.
(3.65)
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Figure 3.1: Numeric solutions for the amplitude of tensor mode perturbations Eb on a
pure tension brane (left and center) and comparison of the late time power law index
derived from analytic and simulation results (right). Note that our late time simulation
results for ǫ = −1 are all very similar to the Hrc = 5 case shown here, and are all
consistent with the analytic γ = 0 expectation.
In Fig. 3.1, we plot a few typical results for the on brane profile of E. All simulations
share the property that they approach scaling solutions at late time:
Eb
t−→
∞
a−γ . (3.66)
In all of our simulations for ǫ = −1, we find that γ = 0, which is consistent with the
analytic expectation that the normal branch spectrum contains a massless bound state.
On the other hand, for the self-accelerating brane we would expect
γ =
1
Hrc
, ǫ = +1. (3.67)
Also in Fig. 3.1, we plot this theoretical expectation versus our numerical results, and we
see excellent agreement. Hence, we have confirmed that our code reproduces analytic
results for the gravitational waves in the pure tension DGP model.
3.6 Scalar perturbations in the self-accelerating universe
3.6.1 Cosmological parameters for DGP late-time acceleration
In this section, we concentrate on the w = σ = 0 and ǫ = +1 DGP scenario as a model
for the late-time accelerating universe. Examining Table 3.1 and Eqns. (3.19,3.23,3.53)
in detail, we see that the entire evolution of scalar perturbations (modulo initial data) in
the canonical formalism is governed by a single parameter ρˆ∗. Recall that we defined ρˆ∗
to be proportional to the matter density when the mode being modeled crosses the Hubble
horizon. However, we note that in any model which asymptotes to de Sitter space in the
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future, any mode that enters the horizon must exit it as well. Indeed, by solving the
equation kˆ/Hˆaˆ = 1, we find that there are always two horizon crossing epochs:
aˆ = 1 and 2ρˆ∗
3 +
√
9 + 12ρˆ∗
. (3.68)
If ρˆ∗ > 6, the second solution is always greater than the first; i.e., the perturbation enters
the horizon at aˆ = 1 and leaves later. However, if ρˆ∗ = 6 both solutions coincide and
horizon entry and exit occur at the same time. It is easy to confirm that the physical
wavelength of the ρˆ∗ = 6 mode coincides with the Hubble length at the moment when
the brane switches from the decelerating to the accelerating phase; i.e., when a¨ = 0.
Finally, when ρˆ∗ < 6, we seen that the second root is smaller than the first; i.e., aˆ = 1
corresponds to the epoch when the mode exits the horizon after having entered it earlier.
It is easy to confirm that any simulation with ρˆ∗ < 6 corresponds to a simulation with
ρˆ∗ > 6 after a constant re-scaling of the coordinate axes. Hence, we can take ρˆ∗ ≥ 6
without loss of generality.
We can go further by incorporating data from cosmological observations. By exam-
ining probes of the expansion history [84], it has been found that
Ωrc =
1
4H20r
2
c
= 0.15± 0.02, (3.69)
at 95% confidence.3 Once the value of Ωrc is fixed, we can use it to find the value of a∗
for any given mode in terms of ρˆ∗:
a3∗ =
1
aˆ30
=
3(1− 2Ω1/2rc )
4Ωrc ρˆ∗
. (3.70)
This in turn allows us to determine the comoving wavenumber from
k =
kˆa∗
rc
= 2Ω1/2rc kˆa∗H0, H
−1
0 = 2998 h
−1 Mpc. (3.71)
Hence, we can find k in terms of ρˆ∗. In order to facilitate the comparison of our results
with observations and the literature, it is more convenient to invert the procedure to obtain
ρˆ∗ in terms of k. However, this only works if k is above a critical value
kc = 2Ω
1/6
rc (1− 2Ω1/2rc )1/3H0 = 0.0003 hMpc−1. (3.72)
The last equality follows from taking the best fit value for Ωrc , which is what we do
from now on. The physical interpretation of the critical wavenumber is that any mode
3Actually, in [84] the constraintΩm = 0.23± 0.04was given, from which (3.69) can be easily derived.
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with k < kc never enters the Hubble horizon; i.e. k/Ha is always less than unity.
The existence of such modes is not unique to the DGP model, since any cosmology that
transitions from matter domination to a dark energy era (withw ≈ −1) at some finite time
will have such modes in its perturbative spectrum. Since our code was explicitly setup to
model modes that do enter the horizon, we do not consider the exclusively superhorizon
k < kc modes in the current work.4 Finally, it is sometimes useful to have an explicit
expression for the gravitational master variable Ωb in terms of the canonical field ψb. This
is:
Ωb =
a∗
4H20Ωrc
aˆ3/2ψb =
a∗
4H20Ωrc
Ωˆb. (3.73)
3.6.2 Typical waveforms
In Fig. 3.2, we plot the results of our simulations for several values of k greater than
the critical value 0.0003 hMpc−1. For all plots of scalar perturbations in this chapter,
we select the bulk field to be zero and the brane field non-zero initially. We have also
simulated several different choices of initial data, such as the bulk field being constant
along the initial null hypersurface, and have found that the simulation results remain the
same as long as the initial time is early enough. This is analogous to what happens in the
RS case [83].
From Fig. 3.2 it can be seen that we recover ordinary 4-dimensional GR at very early
times. In particular, for a≪ a∗ and all values of k > kc we see that:
• the metric perturbations are conserved and have the opposite sign, Φ ≈ −Ψ;
• the density perturbation is proportional to the scale factor, ∆ ∝ a; and,
• the bulk master variable scales as Ωb ∝ a4 on the brane.
In addition, we have checked that the 4-dimensional Poisson equation is satisfied before
horizon entry:
k2
a2
Φ− 1
2
κ24ρ∆ ≈ 0, a≪ a∗. (3.74)
In other words, we have explicitly confirmed that DGP perturbations behave as in GR on
superhorizon scales before horizon crossing.
Finally, in Fig. 3.3 we plot the simulation results for the behaviour of the curvature
perturbation ζ as given by (3.51) for a few different large scales. As can clearly be seen,
ζ is conserved for both early and late times when the physical wavelengths of the modes
are much larger than the horizon size. This is to be expected for any metric theory of
gravity [87], and hence provides a good consistency check of our code.
4It should be mentioned that it is fairly easy to modify the current formalism to deal with k < kc modes,
but for reasons of brevity we omit them from the current discussion.
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Figure 3.2: The results of our simulations on the brane for several choices of k. We have
normalized the value of Φ to be unity at early times. Also note that the lower left panel
shows the dimensionless bulk master variable Ωˆb, as defined in Eq. (3.54), divided by aˆ2.
All simulations are performed with ρˆ∗ > 6, which means that all modes enter the horizon
at aˆ = 1, or when a = a∗.
Figure 3.3: Behaviour of the ζ curvature perturbation on large scales for the self-
accelerating branch (we have normalized ζ = 1 at early times). Note that the curvature
perturbation is conserved when the modes are superhorizon; i.e., at both early and late
times. This is to be expected for any conservative theory of gravity, such as the DGP
model.
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3.6.3 The quasi-static approximation and subhorizon behaviour
In [36], a ‘quasi-static’ (QS) approximation was developed to describe the behaviour of
DGP perturbations whilst well inside the cosmological horizon and with physical wave-
lengths much less than the crossover scale:
k ≫ Ha, a≪ krc. (3.75)
These conditions will hold for modes with k ≫ kc and k ≫ 2Ω1/2rc H0 (up to some
redshift); or, equivalently, if
k ≫ 10−4 hMpc−1. (3.76)
In this section, we compare the QS approximation to our simulations to determine just
how large k must be for it to be valid.
In the QS approximation, one neglects the time derivatives of Ω compared to the
spatial gradients. This allows one to solve the bulk wave equation (3.28), and hence
close the system (3.46) and (3.48) on the brane. This leads to the following ordinary
differential equation for ∆:
∆¨ + 2H∆˙ =
1
2
κ24
(
1 +
1
3β
)
ρ∆, (3.77)
where
β = 1− 2ǫHrc
(
1 +
H˙
3H2
)
. (3.78)
In addition, the following relations are predicted to hold:
Φ = +
κ24ρa
2
2k2
(
1− 1
3β
)
∆, (3.79a)
Ψ = −κ
2
4ρa
2
2k2
(
1 +
1
3β
)
∆. (3.79b)
In Fig. 3.4, we compare simulation results versus the QS approximation for the linear
growth factor g(a) = ∆(a)/a, and the alternate gravitational potentials Φ± = 12(Φ±Ψ).
We see that the simulation results are consistent with the QS approximation for k &
10−2 hMpc−1.
We further quantify the performance of the QS approximation in Fig. 3.5. There, we
show the relative error in the QS approximation as a function of the scale. This is defined
by
rel. error =
∣∣∣∣QS prediction− simulation resultsimulation result
∣∣∣∣× 100%. (3.80)
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Figure 3.4: Linear growth factor and alternate gravitational potentials Φ± from simu-
lations and the QS approximation in the self-accelerating branch. In the top panel, we
normalize g(a) to unity at early times, in the lower two panels we normalize Φ− to unity
as a→ 0. For comparison, we also show the relevant results for the concordance ΛCDM
model with Ωm = 0.26 and ΩΛ = 0.74.
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h
Figure 3.5: The relative error in the QS approximation, as defined in Eq. (3.80), for vari-
ous quantities evaluated in the present epoch and assuming the self-accelerating branch.
For k & 0.01 hMpc−1 the errors are less than 5%.
We see that the relative error in the QS prediction for ∆ is fairly low (< 4%) on all scales.
Conversely, the QS values of Φ± become reliable only for k & 0.01 hMpc−1, with errors
of less than ∼ 5%.
3.6.4 Superhorizon behaviour in the asymptotic future
In this subsection, we attempt to explain/predict the very late time behaviour of our simu-
lations by demonstrating that there exists a bound state of the bulk field in the asymptotic
future of the evolution. As we have already seen for the case of tensor perturbations in
section 3.5, such bound states tend to dominate the late time behaviour of the model,
irrespective of initial data.
In the asymptotic future, the brane geometry approaches that of de Sitter space with
H = 1/rc. In the de Sitter regime, the bulk wave equation (3.28) becomes
0 = −∂
2Ω
∂t2
+
3
rc
∂Ω
∂t
+
(
1 +
y
rc
)2
∂2Ω
∂y2
− 2
rc
(
1 +
y
rc
)
∂Ω
∂y
− k
2
a2
Ω, (3.81)
with a = et/rc . This equation is solvable via the separation of variables Ω(t, y) =
Tλ(t)ωλ(y), where
0 =
d2Tλ
dt2
− 3
rc
dTλ
dt
+
(
k2
a2
− λ
r2c
)
Tλ, (3.82a)
0 =
d
dy
[
1
(y + rc)2
dωλ
dy
]
− λ
(y + rc)4
ωλ. (3.82b)
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Here, λ is a dimensionless separation constant. The solution for ωλ is
ωλ = a+
(
1 +
y
rc
)ν+
+ a−
(
1 +
y
rc
)ν−
, (3.83)
where ν± = 32
(
1±
√
1 + 4
9
λ
)
. Assuming that λ is real, we need to set a+ = 0 to ensure
that ωλ is normalisable under the Sturm-Liouville inner product; i.e., that
(ωλ, ωλ) =
∫ ∞
0
dy
ω2λ(y)
(y + rc)4
, (3.84)
is finite, which means we have a true bound state.
Now, if we put H = 1/rc in the boundary condition (3.46) we obtain
(∂yΩ)b = −rc
[
Ω¨b − 3
rc
Ω˙b +
(
k2
a2
+
1
r2c
)
Ωb − 2κ
2
4ρa
3
k2
∆
]
. (3.85)
Let us now assume that for very late times (krc ≪ a) the following conditions hold:∣∣∣∣κ24ρa3k2 ∆
∣∣∣∣≪ min (|Ω¨b|, r−1c |Ω˙b|, r−2c |Ωb|) ; (3.86)
i.e., the ∆ term is negligible on the righthand side of (3.85). Under these assumptions,
which we still need to justify, (3.81) and (3.85) form a closed system for Ω. Putting
our mode solution Ω(t, y) = Tλ(t)ωλ(y) into the boundary condition with a+ = 0 and
neglecting ∆, we obtain
λ = −2. (3.87)
Putting λ = −2 into the temporal equation (3.82a) and solving for Tλ, we find that
Tλ(t)
t−→
∞
b1a
2(t) + b2a(t), (3.88)
where b1 and b2 are constants. Of course, the b1 solution will eventually dominate, which
leads to the following asymptotic bound state:
Ω(t, y)
t−→
∞
Ω0
(
1 +
y
rc
)
a2(t), (3.89)
where Ω0 is a constant. However, before we assume that the late time behaviour of
the system is indeed described by this bound state, we must verify that the assumptions
(3.86) under which it was derived are valid. To do so, we note that when H = 1/rc, the
CHAPTER 3. COSMOLOGICAL PERT. IN THE DGP 50
∆ equation of motion (3.48) reduces to
∆¨ +
2
rc
∆˙− κ24ρ∆ = −
k4
3a5
Ωb. (3.90)
Making use of (3.89), this equation can be solved exactly. However, the full solution is
complicated and not really relevant, so we just quote the late time behaviour
∆(t)
t−→
∞
∆0, (3.91)
where ∆0 is a constant. With the solutions (3.89) and (3.91), we see that the assumptions
(3.86) are indeed satisfied at sufficiently late time. Hence we have succeeded in finding
an asymptotic bound state that is expected to dominate the system’s behaviour at late
time. Finally, note that we can use these asymptotic solutions for Ω and ∆ with (3.47) to
obtain
Φ
t−→
∞
Ω0a(t)
2r2c
, Ψ
t−→
∞
Ω0a(t)
2r2c
; (3.92)
i.e., Φ ≈ Ψ at late time. We have verified that the asymptotic solutions (3.89,3.91,3.92)
are realized in our simulations at late times.
Before moving on, we would like to remark on the apparent instability of the self-
accelerating DGP model as indicated by the divergence of Ω, Φ and Ψ in the asymptotic
future. This unstable mode corresponds to the radion, which is a physical degree of
freedom in the self-accelerating branch despite the fact that we have only one brane [41].
It is well known that in this case the radion has a negative mass squared m2 = −4H2 and
thus it is unstable [89]. However, as was shown in Ref. [90], this is not a true gravitational
instability on the brane as it is possible to find a gauge in which all metric perturbations
remain finite.
3.7 Scalar perturbations in the DGP normal branch
3.7.1 Cosmological parameters for ΛDGP
We now turn our attention to the behaviour of density perturbations in the normal branch
of the DGP model. Unlike the ǫ = +1 case, this branch does not naturally have a late
time accelerating phase. So in order to be made consistent with observations, we must
allow for the brane to have a nonzero tension that acts as an effective 4-dimensional
cosmological constant (we call this the ΛDGP model). Assuming that the matter sector
is CDM-dominated, the Friedmann equation for this scenario follows from the general
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form (3.15) with ǫ = −1 and w = 0. The background dynamics has been compared to
observations of H(z) in [84], who finds the following parameter values:
Ωm =
κ24ρ0
3H20
= 0.23± 0.04, Ωrc =
1
4H20r
2
c
≤ 0.05, (3.93)
at 95% confidence. Here, ρ0 is the present day CDM density. Note that the observation-
ally preferred value of Ωrc is zero. Since the DGP model goes over to GR in this limit,
this implies that ΛCDM gives a better fit to the data than ΛDGP. In what follows, we will
always assume the best fit value of 0.23 for Ωm and treat Ωrc as an adjustable parameter
that must be smaller than 0.05 to yield a realistic model.
Once Ωm and Ωrc have been selected, it is straightforward to obtain the value of the
dimensionless brane tension:
σˆ = κ24r
2
cσ =
3(1− Ωm + 2Ω1/2rc )
4Ωrc
, (3.94)
which can be re-written in terms of a new density parameter Ωσ:
Ωσ =
κ24σ
3H20
= 1− Ωm + 2Ω1/2rc . (3.95)
One can also find a∗ in terms of the observational parameters and ρˆ∗:
a3∗ =
1
aˆ30
=
3Ωm
4Ωrc ρˆ∗
. (3.96)
As before, these two formulae can be used in (3.71) to determine k as an explicit function
of ρˆ∗, or ρˆ∗ as an implicit function of k. Following the latter approach means that when
we select k along with Ωm and Ωrc , the evolution of perturbations is completely specified
up to the choice of initial data.
3.7.2 Simulation results and comparison to the QS approximation
In Fig. 3.6, we compare the results of our simulations to the QS approximation and
ΛCDM in the case Ωrc = 0.05. As in section 3.6.2, we find that the simulation results are
fairly insensitive to initial conditions provided that the initial data surface is set far enough
into the past; here, all plots have been generated assuming Ω = 0 initially. In contrast
to the self-accelerating case, we find that the linear growth factor and Φ− potential are
generally larger than in the ΛCDM case. The general trend is for Φ− to become larger
on small scales. We also notice that the QS approximation seems to provide a very good
match to the simulation results for ∆ on all scales.
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Figure 3.6: Linear growth factor and alternate gravitational potentials Φ± from simula-
tions and the QS approximation in the normal branch with Ωrc = 0.05 and Ωm = 0.23.
As in Fig. 3.4, we normalize g(a) and Φ− to unity at early times. For comparison, we
also show the relevant results for the concordance ΛCDM model with Ωm = 0.26 and
ΩΛ = 0.74.
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Figure 3.7: The ‘ISW potential’ Φ− as a function of the scale factor for various scales
and choices of Ωrc for the normal branch. In all cases we have taken Ωm = 0.23. The
ΛCDM curves are included for purposes of comparison.
In Fig. 3.7, we show the effect of changing the Ωrc parameter on the simulation results
for Φ−. For any given scale, we see that the Ωrc → 0 limit approaches the ΛCDM
prediction. Also, we note that the simulation results are closer to the ΛCDM case for
smaller values of k; i.e., the most pronounced deviations from GR are observed on the
smallest scales simulated.
Finally, in Fig. 3.8 we quantify the error in the QS prediction for the value of various
quantities at z = 0 as a function of the scale. As in the self-accelerating case, we see that
the QS approximation provides reasonably accurate results (with errors . 5%) on scales
k & 0.01 hMpc−1.
3.7.3 Superhorizon behaviour in the asymptotic future
In the asymptotic future, the brane geometry approaches that of de Sitter spacetime with
H determined by σ 6= 0. Unlike in the self-accelerating branch, there appears a horizon
at y = 1/H . An analysis similar to the one presented in section 3.6.4 for the self-
accelerating branch shows that there is no solution with a real λ [75]. Therefore, there is
no bound state solution in the asymptotic de Sitter spacetime and Ω is a superposition of
massive Kaluza-Klein modes that oscillate in time. It is worth noting that the dynamical
scaling ansatz implicitly assumes the existence of a Ω bound state, and will hence fail in
the asymptotic de Sitter future of the DGP normal branch.
3.8 Discussion
In this chapter, we have presented numeric solutions for cosmological perturbations in
the DGP braneworld model both in the self-accelerating and the normal branches. We
CHAPTER 3. COSMOLOGICAL PERT. IN THE DGP 54
Figure 3.8: The relative error in the QS approximation, as defined in Eq. (3.80), for
various quantities evaluated in the present epoch and assuming the normal branch. For
k & 0.01 hMpc−1 the errors are less than 5%. Also notice how the QS approximation is
generally more accurate for smaller Ωrc .
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extended the algorithm developed for the Randall-Sundrum (RS) model to handle the
nonlocal boundary conditions characteristic of the DGP model. The numerical code was
tested for tensor perturbations and the agreement with the analytic solutions was found
to be excellent.
We confirmed that on small scales k > 0.01h Mpc−1, the quasi-static (QS) approx-
imation reliably predicts the evolution of perturbations with relative errors less than
around 5% at z = 0. Our results are quite insensitive to the initial conditions as long
as we start our simulations early enough. On larger scales, the potential Φ−, which de-
termines the integrated Sach-Wolfe (ISW) effect, shows more suppression than the QS
prediction. We find that our numerical solutions agree well with the dynamical scaling
(DS) solution both in the self-accelerating and normal branches, except in the asymptotic
de Sitter phase of the normal branch where the dynamical scaling solution fails to exist
[91].
Our numeric solutions provide the basis for studying observational signatures of the
model, especially in the normal branch where the influence of the extra dimension on the
evolution of large scale structure has not yet been explored.
Chapter 4
Ghosts in asymmetric brane gravity
and the decoupled stealth limit
4.1 Introduction
In this chapter we will consider vacuum de Sitter branes within the CGP set-up described
in section 1.3. This will include self-accelerating solutions, as well as the stealth models
with some additional vacuum energy on the brane. We will study the spectrum of lin-
earised perturbations about these solutions, closely following the corresponding analysis
in the DGP model [41, 38, 39]. For an infinite volume bulk, we will find, without ex-
ception, that the vacuum is unstable because of the presence of ghosts. Just as for the
self-accelerating branch of DGP, a ghost will manifest itself either through the radion
mode, or through the helicity 0 mode of the lightest graviton. In some cases a ghost will
also appear in the spin 1 sector.
The “decoupled” version of the stealth model is now of particular interest. We will
find a class of de Sitter solutions that approach the “decoupled” model as the Hubble scale
H → 0. As the limit is approached the ghost becomes more and more weakly coupled,
until eventually it decouples completely. We will infer some conclusions regarding the
stability of the stealth models when matter is present. For small H it seems that we can
carry our analysis of de Sitter branes over to the general Friedmann-Robertson-Walker
case and conclude that the decoupled stealth model develops an instability albeit a very
mild one softened by the weakness of the ghost coupling. For larger H the instability for
de Sitter branes would be more severe, but it is not clear whether or not we can transfer
this conclusion to the general FRW case.
The rest of this chapter is organised as follows: in section 4.2 we describe the CGP
model in detail, our generalisation, and the background solutions. In section 4.3 we
analyse the spectrum of linearised perturbations and derive conditions for the presence
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of an helicity 0 ghost in the spin 2 sector. We study the coupling to matter in section 4.4
and calculate the effective action in section 4.5. The effective action helps to reveal any
further ghosts, including the radion ghost, which seems to take it in turns with the helicity
0 mode to haunt the background. We end with some concluding remarks in section 4.6.
4.2 The CGP model: set up and background solutions
The CGP model scenario has been described briefly in section 1.3. In this chapter we
will introduce some additional tension on the brane, σ, so that the vacuum brane is de
Sitter. Such detuning of brane tensions helped conjure up the ghost in the DGP model,
and we will ultimately find that the same is true here.
This set-up is described by the following action,
S =
∑
i=L,R
M3i
∫
Mi
√−g(R − 2Λi) + 2M3i
∫
∂Mi
√−γK(i)
+
∫
Σ
√−γ(M24R− σ + Lmatter), (4.1)
where gab is the bulk metric with corresponding Ricci tensor, R. The metric induced
on the brane is given by γab = gab − nanb where na is the unit normal to ∂Mi in Mi
pointing out of Mi. Of course, continuity of the metric at the brane requires that γab is
the same, whether it is calculated from the left, or from the right of the brane. In contrast,
the extrinsic curvature of the brane can jump from right to left. In Mi, it is defined as
K
(i)
ab = γ
c
aγ
d
b∇(cnd), (4.2)
with its trace appearing in the Gibbons-Hawking boundary term in (4.1). In the brane
part of the action we have included the brane tension, σ, and the induced intrinsic curva-
ture term, R, weighted by a 4D mass scale, M4. Lmatter includes any additional matter
excitations.
The equations of motion in the bulk region,Mi, are just the Einstein equations, with
the appropriate cosmological constant, Λi.
Eab = Rab − 1
2
Rgab + Λigab = 0. (4.3)
The equations of motion on the brane are described by the Israel junction conditions, and
can be obtained by varying the action (4.1), with respect to the brane metric, γab. This
CHAPTER 4. GHOSTS IN ASYMMETRIC BRANE GRAVITY 58
gives1
Θab = 2
〈
M3(Kab −Kγab)
〉
+M24
(
Rab − 1
2
Rγab
)
+
σ
2
γab =
1
2
Tab, (4.4)
where Tab = − 2√−γ ∂
√−γLmatter
∂γab
. Note that the Israel equations here do not use the familiar
“difference”, because we have defined the unit normal as pointing out of Mi on each
side. We adopt this (slightly) unconventional approach since it is more convenient in
the asymmetric scenario where the brane is best thought of as the common boundary
Σ = ∂ML = ∂MR.
We will now derive the vacuum solutions to the equations of motion (4.3) and (4.4).
This corresponds to the case where there are no matter excitations, and so, Tab = 0. In
each region of the bulk, we introduce coordinates xa = (xµ, y), with the brane located at
y = 0. We are interested in de Sitter brane solutions of the form
ds2 = g¯abdx
adxb = dy2 +N(y)2γ¯µνdx
µdxν . (4.5)
where γ¯µν is the four dimensional de Sitter metric with curvature, H . Inserting this into
the bulk equations of motion (4.3) gives
(
N ′
N
)2
=
H2
N2
+ k2,
N ′′
N
= k2, (4.6)
where “prime” denotes differentiation with respect to y, and we have dropped the index
i for brevity. One can easily show that
N(y) =
H
k
sinh k (yh + θy), yh ≡ 1
k
sinh−1 k/H, (4.7)
where θ = ±1. Each region of the bulk corresponds to 0 < y < ymax where
ymax =

∞ for θ = 1,yh for θ = −1. (4.8)
If we transformed to global coordinates in the bulk, θ = 1 would correspond to retaining
the asymptotic region (large radius), whereas θ = −1 would correspond to retaining
the central region (small radius). For k 6= 0, this means that when θ = 1 we keep the
adS boundary (growing warp factor) whereas when θ = −1 we keep the adS horizon
(decaying warp factor). Since we are interested in a modification of gravitational physics
1The angled brackets denote an averaged quantity at the brane. More precisely, for some quantity Qi
defined on the brane in ∂Mi, we define the average 〈Q〉 = QL+QR2 . Later on we will also make use of the
difference, ∆Q = QL −QR.
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in the infra-red, we will assume that the bulk volume is infinite, and retain the asymptotic
region on at least one side of the bulk. In other words, we do not consider the case
θL = θR = −1.
The boundary conditions at the brane (4.4) yield
6〈M3N ′(0)〉+ σ
2
− 3H2M24 = 0, (4.9)
so that the curvature H is given by the real roots of
σ = 6M24H
2 − 12
〈
M3θ
√
H2 + k2
〉
. (4.10)
In [58], the brane tension was fine tuned to a critical value, σc = −6〈M3k〉, so that the
effective cosmological constant on the brane vanished. We now introduce some addi-
tional tension ǫ > 0 so that σ = σc+ ǫ. This introduces some positive curvature given by
the roots of ǫ = F (H2) where, as in [58], we have
F (H2) = 6M24H
2 − 12
〈
M3θ
(√
H2 + k2 − k
)〉
. (4.11)
As in DGP, we have two classes of solution. There are those that vanish as ǫ → 0, so
that we recover the Minkowksi brane studied in [58], and there are those that approach
a finite positive value, so that we have a de Sitter brane, even in the absence of an effec-
tive cosmological constant. The former are the analogue of the normal branch in DGP,
whereas the latter are the analogue of the self-accelerating branch. Of course, the class of
solution depends on the form of the function F (H2), discussed in some detail in section
4 of [58]. For example, the following represent necessary and sufficient conditions for
the existence of a normal branch solution:
M24 > 〈M3θ/k〉, (4.12)
or M24 = 〈M3θ/k〉, 〈M3θ/k3〉 > 0, (4.13)
or M24 = 〈M3θ/k〉, 〈M3θ/k3〉 = 0, 〈M3θ/k5〉 < 0. (4.14)
Although we will study both classes of solution, we will be particularly interested in the
normal branch since these will include small fluctuations about the finely tuned “stealth”
scenarios discussed in [58].
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4.3 Vacuum fluctuations
We shall now consider metric perturbations in the vacuum so that gab = g¯ab + δgab and
Tµν = 0. In the unperturbed spacetime, given by (4.5) and (4.9), the gauge was fixed in
both M1 and M2 so that the brane was at y = 0. However, a general perturbation of the
system must also allow the brane position to flutter. In Mi, the brane will be located at
y = ζi(x
µ). (4.15)
It is convenient to work in a Gaussian Normal (GN) gauge, so that in Mi we have
δgyy = δgµy = 0, δgµν = hi µν(x, y). (4.16)
In most of this discussion, we will drop the index i although its should be understood that
it is really there. Now, it is well known (see, for example, [8]) that in the absence of any
bulk matter, we may take hµν to be transverse-tracefree Dµhµν = hµµ = 0. This is known
as Randall-Sundrum gauge. It follows that the bulk equations of motion, δEab = 0 give[
∂2y +
1
N2
(D2 − 4H2)− 4k2
]
hµν(x, y) = 0, (4.17)
where Dµ is the covariant derivative on the 4D de Sitter slicings, and indices are raised
/ lowered using the 4D metric γ¯µν . To impose the boundary conditions at the brane, we
need to apply a GN to GN gauge transformation that shifts the brane position back to
y = 0. The most general such transformation is given by
y → y − ζ(x), xµ → xµ − ξµ(x) +Dµζ
∫ y
0
dz
N2(z)
, (4.18)
so that
hµν → h¯µν = hµν + h(ζ)µν + 2N2D(µξν). (4.19)
We call this new gauge “brane-GN” gauge. Although the brane position is fixed in this
gauge, the original position ζ(x) still enters the dynamics through a bookkeeping term
h(ζ)µν = −2
(
N2
∫ y
0
dz
N2
)
DµDνζ + 2NN
′γ¯µνζ. (4.20)
The metric perturbation in the new gauge is no longer transverse-tracefree, although it is
now straightforward to apply continuity of the metric at the brane
∆h¯µν(x, 0) = 0, (4.21)
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and the vacuum Israel equations (4.4)
δΘµν = −
〈
M3
(
h¯µν − h¯γ¯µν
N2
)′ ∣∣∣
y=0
〉
+M24Xµν(h¯) = 0, (4.22)
where
Xµν(h¯) = δGµν(h¯) + 3H
2h¯µν
= −1
2
(D2 − 2H2)h¯µν +D(µDαh¯ν)α − 1
2
DµDνh¯
−1
2
γ¯µν
[
DαDβh¯αβ − (D2 +H2)h¯
]
. (4.23)
If we substitute the expression (4.19) into equation (4.22) we find
〈
M3
(
hµν
N2
)′ ∣∣∣
y=0
+
M24
2
(D2 − 2H2)hµν(x, 0)
〉
=
2(DµDν − (D2 + 3H2)γ¯µν)
〈
(M3 −M24N ′(0))ζ
〉
. (4.24)
Note that this expression is independent of ξµ(x), as expected, since this just corresponds
to diffeomorphism invariance along the brane. It is convenient to decompose hµν in terms
of the irreducible representations of the 4D de Sitter diffeomorphism group
hµν = h
(2)
µν + h
(1)
µν + h
(0)
µν , (4.25)
where h(n)µν corresponds to the spin n contribution. We can treat these modes indepen-
dently of one another provided they have different masses2. Let us now assume that this
is indeed the case and analyse each spin separately. It will also be convenient to decom-
pose the field ξµ(x) into its spin 1 and spin 0 components ξµ = ξ(1)µ + ξ(0)µ . The field ζ(x)
is just spin 0.
4.3.1 Spin 2 modes
We begin by analysing the spin 2 modes. Since neither ζ nor ξµ have a spin 2 contribution,
we can set them zero here, and can further decompose the spin 2 piece of the metric by
separating variables
h(2)µν (x, y) =
∫
m
um(y)χ
(m)
µν (x), (4.26)
2In 4D de Sitter, a transverse-tracefree tensor of mass m satisfies (D2 − 2H2)q(m)µν = m2q(m)µν [92, 93,
94, 95, 96, 97]
CHAPTER 4. GHOSTS IN ASYMMETRIC BRANE GRAVITY 62
where χ(m)µν is a 4D tensor field of mass m satisfying (D2 − 2H2)χ(m)µν (x) = m2χ(m)µν (x),
and
∫
m
denotes a generalised sum, summing over discrete modes and integrating over
continuum modes. The bulk equations of motion (4.17) now give
u′′m(y) +
(
m2 − 2H2
N2
− 4k2
)
um(y) = 0, (4.27)
This is easily solved in terms of the associated Legendre functions:
um(y) = C1
(
k
H
)2
P±2−1/2±ν (coth k(yh + θy))
+C2
(
k
H
)2
Q±2−1/2±ν (coth k(yh + θy)) , (4.28)
where ν =
√
9/4−m2/H2. Pmν (z) and Qmν (z) are the associated Legendre func-
tions of the first and second kind, respectively. Of course, the expression (4.28) is
only well defined for m2 ≤ 9H2
4
, We could, in principle analytically continue our so-
lution to m2 > 9H2
4
, although this will not be necessary since our ultimate goal is to
establish the existence of an helicity-0 ghost which is found in spin 2 modes of mass
0 < m2 < 2H2 [49]. Normalisability requires that [37]
∫ ymax
0
dy
u2m
N2
<∞, (4.29)
so that for θ = 1 we only keep the part proportional to P−2−1/2+ν(z), whereas for θ = −1
we only keep the part proportional toQ2−1/2+ν(z). Since we may assume that um(0) = 1,
without loss of generality, we get that the normalizable modes are given by
um(y) =


P−2
−1/2+ν
(coth k (yh+y))
P−2
−1/2+ν
(coth k yh)
for θ = +1,
Q2
−1/2+ν
(coth k (yh−y))
Q2
−1/2+ν
(coth k yh)
for θ = −1.
(4.30)
It will be instructive to take a closer look at two special cases. For massless modes, this
expression simplifies to give
u0(y) =

e
−2ky
(
2+coth k(yh+y)
2+coth k yh
)
=
N2
∫ ymax
y
dz/N4
∫ ymax
0
dz/N4
for θ = +1,
N2(y) for θ = −1.
(4.31)
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whereas for “partially massless” modes of mass m2 = 2H2 we have
u√2H(y) =

e
−2ky for θ = +1,
NN ′
N ′(0)
for θ = −1.
(4.32)
Of course, neither the massless modes, nor the partially massless modes get excited in
general. This is determined by the boundary conditions at the brane. The spin 2 part of
the continuity equation (4.21) now implies that ∆χ(m)µν (x) = 0 for each m, so that the
spin 2 part of Israel equations (4.24) yield the following quantization condition
f(m2) =
〈
M3
(um
N2
)′ ∣∣∣
y=0
〉
+
M24
2
m2 = 0. (4.33)
Let us consider the lightest mode. For a finite volume bulk (θL = θR = −1), it is well
known that this mode is massless so that gravity looks four dimensional out to arbitrarily
large distances. We do not consider this case here, and assume, without further loss of
generality, that θR = +1. The lightest mode is now guaranteed to be massive. If the mass
lies in the forbidden region 0 < m2 < 2H2, then this mode contains an helicity-0 ghost
[49]. We can now check if such a mode exists, by application of Bolzano’s theorem:
f(0)f(2H2) < 0, (4.34)
since f(m2) is continuous over the forbidden region. Although not necessary for the
existence of a ghost, this condition is certainly sufficient. For an infinite bulk ((θL, θR) 6=
(−1,−1)), it is easy enough to see that
f(0) = −1
2
〈
M3(1 + θ)
[∫ ymax
0
dz
N4
]−1〉
< 0. (4.35)
This means we have an helicity-0 ghost whenever
f(2H2) =
〈
M3
2
(
(1− θ)H2√
H2 + k2
− 2(1 + θ)(k +
√
H2 + k2)
)〉
+M24H
2 > 0. (4.36)
4.3.2 Spin 1 modes
We now turn our attention to the spin 1 modes, neglecting all contributions from spin 2
and spin 0. Recall that ξµ contains a spin 1 piece ξ(1)µ (x), which is simply a divergence-
free vector that can be chosen in order to guarantee continuity at the brane. The spin 1
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part of the metric takes the form
h(1)µν = DµAν +DνAµ, (4.37)
where Aµ(x, y) is another divergence free vector. Since h(1)µν is transverse-tracefree, one
can easily verify that Aµ behaves like a tachyonic vector in dS4, satisfying
(D2 + 3H2)Aµ = 0. (4.38)
This tachyonic instability is a mild one, associated with the repulsive nature of inflating
domain walls [98]. The metric contribution now resembles a massless spin 2 mode,
(D2− 2H2)h(1)µν = 0, and is therefore guaranteed not to mix with any of the genuine spin
2 modes discussed in the previous section. Furthermore, it follows that the profile in the
bulk is given by the normalisable massless wavefunction (4.31)
Aµ(x, y) = u0(y)aµ(x). (4.39)
The spin 1 part of the continuity equation (4.21), ∆(aµ + ξ(1)µ ) = 0 , is trivially satisfied
by choosing ξ(1)µ (x) = −aµ(x) on both sides of the brane. The Israel equations (4.24) are
independent of ξ(1)µ , and require that〈
M3
( u0
N2
)′ ∣∣∣
y=0
aµ(x)
〉
= 0. (4.40)
If we assume, without any great justification, that ∆aµ = 0, if follows from (4.40) that
f(0)aµ(x) = 0, and so aµ(x) = 0. However, in a generalised asymmetric scenario there
is no reason to assume that the spin 1 mode is symmetric. More generally we can show
that
f(0)〈aµ〉 = 1
8
∆
(
M3(1 + θ)
[∫ ymax
0
dz
N4
]−1)
∆aµ, (4.41)
which indicates that one spin 1 degree of freedom can, in principle, remain.
4.3.3 Spin 0 modes
We conclude this section with a study of the spin 0 modes, neglecting all contributions
from higher spin. The brane bending piece ζ now plays a role, along with the spin 0
component of ξµ, which takes the form ξ(0)µ = Dµψ, where ψ(x) will be chosen in order
to guarantee continuity at the brane. The spin 0 part of the metric perturbation can be
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written in terms of a pair of scalars, Φ(x, y) and h(0)(x, y), like so
h(0)µν =
[
DµDν − 1
4
D2γ¯µν
]
Φ +
1
4
h(0)γ¯µν . (4.42)
From the transverse-tracefree property of h(0)µν , it follows immediately that h(0) = 0 and
(D2 + 4H2)Φ = 0. (4.43)
Again, we have a mild tachyonic instability associated with inflating domain walls. The
metric contribution now resembles a “partially massless” spin 2 mode, (D2−2H2)h(0)µν =
2H2h
(0)
µν , which could, in principle, mix with one of the genuine spin 2 modes discussed
in section 4.3.1. We will discuss this in more detail later on. Assuming for the moment
that there is no issue with mixing, we conclude that the scalar’s profile in the bulk is given
by the partially massless wavefunction
Φ(x, y) = u√2H(y)φ(x). (4.44)
The spin 0 part of the continuity equation is split into a pure gauge part, and a conformally
de Sitter part. Requiring continuity of both parts separately implies that
∆(φ+ 2ψ) = 0, ∆(H2φ+ 2N ′(0)ζ) = 0. (4.45)
The first condition can be trivially satisfied if we chose ψ(x) = −φ(x)/2. The Israel
equations (4.24) are independent of ψ, and require that
〈(
M3
(u√2H
N2
)′ ∣∣∣
y=0
+M24H
2
)
φ(x)
〉
= 2〈(M3 −M24N ′(0))ζ〉. (4.46)
It follows from (4.45) and (4.46) that
∆φ = − 2
H2
∆
[
θζ
√
H2 + k2
]
,
〈φ〉 = α
〈
θζ
√
H2 + k2
〉
+ β∆
[
θζ
√
H2 + k2
]
, (4.47)
where
α =
2
f(2H2)
[〈
M3θ√
H2 + k2
〉
−M24
]
, (4.48)
β = − 1
4H2f(2H2)
∆
[
M3(1 + θ)
(
(k +
√
H2 + k2)2√
H2 + k2
)]
. (4.49)
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Here we see that the fluctuation in the brane position sources the bulk mode φ(x). We
therefore associate it with the radion. Again, there is no reason to assume ∆φ = 0, so that
in general the boundary conditions leave us with up to two spin 0 degrees of freedom.
Note that both α and β diverge as f(2H2) → 0. This singular limit corresponds to the
case where there exists a genuine spin 2 mode with mass m2 = 2H2. The divergence in
α and β reflects the fact that the lightest spin 2 mode is no longer orthogonal to the spin 0
contribution, and cannot be treated independently. The two modes mix and a more careful
analysis is required. Finally, we also note that we can write α = −F ′(H2)/3f(2H2),
where F (H2) is given by equation (4.11).
4.4 Coupling to matter
When we introduce some additional energy-momentum, Tµν , on the brane, the homoge-
neous solution discussed in the previous section picks up an additional contribution that
describes the responses of fields to the source on the brane,
hµν(x, y)→ hµν(x, y) + πµν(x, y), ζi(x)→ ζi(x) + πi(x), (4.50)
where πµν is transverse-tracefree. In analogy with the theory of ordinary differential
equations, it is useful to think of the homogeneous pieces, hµν(x, y) and ζi(x), as the
“complementary functions” and the inhomogeneous pieces, πµν(x, y) and πi(x), as the
“particular integrals”. The “particular integrals” must be solutions to the following
[
∂2y +
1
N2
(D2 − 4H2)− 4k2
]
πµν(x, y) = 0, (4.51)
∆ [πµν(x, 0) + 2N
′(0)γ¯µνπ(x)] = 0, (4.52)
〈
M3
(πµν
N2
)′ ∣∣∣
y=0
+
M24
2
(D2 − 2H2)πµν(x, 0)
〉
=
2(DµDν − (D2 + 3H2)γ¯µν)
〈
(M3 −M24N ′(0))π(x)
〉
+
1
2
Tµν .
(4.53)
Tracing the two boundary conditions, and carrying out a little algebra, gives
∆ [N ′(0)π(x)] = 0, (D2 + 4H2) 〈N ′(0)π(x)〉 = − T
2F ′(H2)
, (4.54)
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where F (H2) is given by equation (4.11). This completely specifies the πi(x), since
any homogeneous brane bending is already accounted for in the ζi(x). We now turn
our attention to the πµν . The traceless part of (4.52) demonstrates that ∆πµν(x, 0) = 0,
whereas the Israel equation (4.53) may be rewritten like so
〈
M3
(πµν
N2
)′ ∣∣∣
y=0
+
M24
2
(D2 − 2H2)πµν(x, 0)
〉
=
1
2
τµν(x), (4.55)
where τµν is a gauge invariant brane stress energy perturbation defined as [39]
τµν(x) = Tµν − 2
3
F ′(H2)(DµDν − (D2 + 3H2)γ¯µν) 〈N ′(0)π(x)〉 (4.56)
= Tµν +
1
3
(DµDν − (D2 + 3H2)γ¯µν)
(
T
D2 + 4H2
)
. (4.57)
It turns out that inMi,
π(i)µν(x, y) =
∫
d4x′
√−γ¯ G(i)µναβ(x, y; x′, 0)ταβ(x′), (4.58)
where G(i)µναβ(x, y; x′, 0) is the relevant Green’s function, satisfying
[
∂2y +
1
N2
(D2 − 4H2)− 4k2
]
G(i)µν
αβ(x, y; x′, 0) = 0, (4.59)
∆
[
Gµν
αβ(x, 0; x′, 0)
]
= 0. (4.60)
〈
M3
(
Gµν
αβ(x, y; x′, 0)
N2
)′ ∣∣∣
y=0
+
M24
2
(D2 − 2H2)Gµναβ(x, 0; x′, 0)
〉
=
δ(4)(x− x′)√−γ¯ .
(4.61)
The Green’s function can be expressed in terms of the wavefunctions um(y) discussed in
section (4.3.1). Defining the normalised wavefunctions uˆ(i)m (y) = Nmu(i)m (y), where the
Nm are chosen so that
〈
M24 uˆm(0)uˆn(0) + 2M
3
∫ ymax
0
dy
uˆmuˆn
N2
〉
=

δmn for discrete modes,δ(m− n) for continuum modes,
(4.62)
we have
G(i)µν
αβ(x, y; x′, 0) = −
∫
p
χ(p)µν (x)χ
∗(p)αβ(x′)
∫
m
uˆ
(i)
m (y)uˆ
(i)
m (0)
p2 −m2 . (4.63)
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Note that (D2 − 2H2)χ(p)µν = p2χ(p)µν , and χ∗αβ satisfies∫
p
χ(p)µν (x)χ
∗(p)αβ(x′) = δαµδ
β
ν δ
(4)(x− x′)/√−γ¯.
For more details on this construction, at least for DGP gravity, see section 3.3 of [39].
4.5 The effective action
We now compute the effective 4D action of normalisable vacuum perturbations. This
will enable us to identify any ghosts: pathological modes with negative kinetic terms. Of
course, we already know that whenever f(2H2) > 0 a ghost haunts the helicity-0 sector
of the lightest spin 2 mode. Our effective action calculation will reveal a generic spin-0
“radion” ghost in the opposite regime, ie when f(2H2) < 0.
We begin our calculation in bulk Randall-Sundrum gauge, so that the brane is posi-
tioned at y = ζ(x) and the metric perturbation is given by
hµν(x, y) =
∫
m
um(y)χ
(m)
µν (x) + u0(y)h
(a)
µν (x) + u
√
2H(y)h
(φ)
µν (x), (4.64)
where
h(a)µν (x) = Dµaν +Dνaµ, h
(φ)
µν (x) = (DµDν +H
2γ¯µν)φ. (4.65)
In computing the action, it is important to leave the 4D fields off-shell. In other words,
we do not assume (D2−2H2)χ(m)µν = m2χ(m)µν , (D2+3H2)aµ = 0, or (D2+4H2)φ = 0.
These equations should follow from variation of the action at the end of the calculation.
Randall-Sundrum gauge is the correct gauge choice far from the brane, since it con-
tains no pure gauge modes with a non-normalisable profile in the bulk. However, in
order to compute the effective action, it is convenient to be in brane-GN gauge close to
the brane so that it lies at y = 0 and the 4D coordinates match on either side. This can
be achieved whilst maintaining Randall-Sundrum gauge far from the brane, but only at a
price: we are no longer everywhere Gaussian-Normal. We can transform to this “fixed
wall” gauge from everywhere Randall-Sundrum gauge by the following gauge transfor-
mation
y → y − ηy(x, y), xµ → xµ − ηµ(x, y), (4.66)
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where
ηy(x, y) =

ζ(x) for y ≪ y∗,0 for y ≫ y∗,
ηµ(x, y) =

ξ
µ(x)−Dµζ(x) ∫ y
0
dz
N2(z)
for y ≪ y∗,
0 for y ≫ y∗,
(4.67)
where 0 < y∗ < ymax is some appropriately chosen finite distance. It follows that
δgab → δgab + 2∇(aηb), (4.68)
where∇ is the covariant derivative for g¯ab. This new gauge interpolates between Randall-
Sundrum gauge deep inside the bulk and brane-GN gauge near the brane. As result, the
metric perturbation along the brane is the same as in brane-GN gauge, with
δγµν = hµν(x, 0) + 2N
′(0)γ¯µνζ + 2D(µξν). (4.69)
We now perturb the action to quadratic order
δS =
〈
M3
∫
M
d5x
√−g¯δgabδEab
〉
+
1
2
∫
Σ
d4x
√−γ¯δγµνδΘµν , (4.70)
where δEab and δΘµν are the linearised bulk equation of motion (4.3) and vacuum Israel
equation (4.4), respectively. Using (4.68), (4.69) and the Bianchi identity ∇aδEab = 0,
we find that
δS =
∫
d4x
√−γ¯δL, (4.71)
where
δL =
〈
−M3
[∫ ymax
0
dy hµν(x, y)δEµν(h)
]
+ 2M3ηa(x, 0)δEay(h)
∣∣∣
y=0
〉
−1
2
〈
hµν(x, 0) + 2N ′(0)γ¯µνζ + 2D(µξν)
〉
δΘµν . (4.72)
We cannot assume Dµh(a)µν = Dµh(φ)µν = h(φ) = 0, since these imply the on-shell equa-
tions of motion for aµ and φ. We therefore need the following expressions for δEab and
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δΘµν for a generic GN perturbation.
δEµν(h) =
1
N2
Xµν(h)− 1
2
[
∂2y − 2
(
H2
N2
+ 2k2
)]
(hµν − hγ¯µν) , (4.73)
δEµy(h) =
1
2
∂y
[
Dν(hµν − hγ¯µν)
N2
]
, (4.74)
δEyy(h) =
3N ′
2N
∂y
[
h
N2
]
− 1
2N4
(DµDν − (D2 + 3H2)γ¯µν)hµν , (4.75)
δΘµν = −
〈[
M3∂y
(
hµν − hγ¯µν
N2
)
−M24Xµν(h)
] ∣∣∣
y=0
〉
+2(DµDν − (D2 + 3H2)γ¯µν)
〈
(M3 −M24N ′(0))ζ
〉
. (4.76)
Making use of equations (4.27), (4.33), (4.40), (4.45), (4.46), as well as the orthogonality
condition〈
2M3
∫ ymax
0
dy
um(y)un(y)
N2(y)
+M24um(0)un(0)
〉
= 0, m 6= n, (4.77)
we arrive at the following 4D effective Lagrangian
δL = δL2 + δL1 + δL0, (4.78)
where the spin 2, spin 1 and spin 0 contributions are respectively given by
δL2 = 1
2
∫
m
[∫ ymax
0
dy
um(y)
2
N2(y)
+M24
]
χ(m)µν(D2 − 2H2 −m2)χ(m)µν , (4.79)
δL1 = 1
4
〈
1
M3(u0/N2)′|y=0
〉−1
∆aµ(D2 + 3H2)∆aµ, (4.80)
δL0 = 9f(2H
2)
F ′(H2)
〈γ〉
[
〈φ〉+ ∆γ∆φ
4〈γ〉
]
(D2 + 4H2)
[
〈φ〉+ ∆γ∆φ
4〈γ〉
]
+
3H2
8
〈
1
γ
〉−1
∆φ(D2 + 4H2)∆φ, (4.81)
and
γ = M3
(
1 + θ
2
)
(k +
√
H2 + k2)2√
H2 + k2
> 0, (4.82)
(u0/N
2)′|y=0 = −
(
1 + θ
2
)(∫ ymax
0
dz
N(z)4
)−1
< 0. (4.83)
As we stated earlier, we do not consider a finite volume bulk (θL = θR = −1). Let us
now analyse the alternatives. We see immediately that there is a spin 1 ghost whenever
θL = θR = +1. There are two spin 0 modes, roughly corresponding to the average
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radion, and the difference. The latter is never a ghost, whereas the kinetic term for the
average radion is determined by the sign of f(2H2)/F ′(H2). Recall that for a well
behaved cosmology we require that F ′(H2) ≥ 0 [58]. For finite F ′(H2) > 0, it follows
that we have a radion ghost whenever f(2H2) < 0. In section 4.3.1, we found that
the lightest spin 2 mode contains an helicity-0 ghost in precisely the opposite regime, ie
when f(2H2) > 0. This is exactly the sort of behaviour found on the self-accelerating
branch of DGP: a well behaved spin 2 sector corresponds to a pathological radion, and
vice versa [41, 38, 39, 43] .
When θL = −1, θR = +1, the spin 1 mode, and the radion difference decouple
completely. In contrast, the average radion typically remains in the spectrum, and we can
draw similar conclusions regarding its stability as discussed in the previous paragraph
for θL = θR = +1. However, there are a few exceptional cases. F ′(H2) = 0 and
F ′(H2) → ∞ ultimately correspond to the “stealth” scenarios identified in [58], where
the brane is Minkowski as opposed to de Sitter. The former is the conformal or strong
coupling limit whereas the latter is the decoupling limit. The ghost is absent in both cases.
Naively, the case f(2H2) = 0 would also appear to be ghost free, since the kinetic term
for the radion vanishes. Actually, this conclusion is incorrect. f(2H2) = 0 corresponds
to the case where the radion mixes with the spin 2 mode, rendering our analysis invalid.
The mixing occurs because the lightest spin 2 mode has the same mass as the spin 0 mode
(m2light = 2H2). The two modes cease to be orthogonal and a more careful analysis is
required. This was done for the self-accelerating branch of the DGP model, where the
ghost was shown to remain even when f(2H2) = 0 [38, 39], It is natural to expect the
same behaviour here.
4.6 Discussion
In this chapter we have considered the stability of de Sitter branes in the CGP model: an
asymmetric generalisation of the DGP model. These vacua include the analogue of the
normal branch in DGP, as well as the self-accelerating branch. Whenever the background
bulk has infinite volume, we have found, without exception, that linear perturbations
about these vacua contain ghosts. As for the self-accelerating branch of DGP, there is
always a ghost in either the spin 2 or spin 0 sector. If the spin 2 sector is well behaved,
there is a spin 0 ghost corresponding to the average radion. If the spin 0 sector is well
behaved, the helicity-0 part of the lightest spin 2 mode is a ghost. A more careful analysis
is required in the crossover region, when the two offending modes mix with one another.
However, our experience from the self-accelerating branch of DGP would imply that the
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ghost remains even in this limit [38, 39]. In the most pathological scenarios, there is yet
another ghost corresponding to the antisymmetric spin 1 mode.
It is interesting to note that the only way to avoid ghosts in this model is to consider
Minkowski branes. This was studied in detail in [58], where certain interesting vacua
were found to be ghost free. These vacua corresponded to the “stealth” models, and had
the curious property of giving rise to power law acceleration in the presence of matter,
before asymptoting to Minkowski space at late times. Indeed, the stealth model realises
the Cardassian cosmology of Freese and Lewis [67], as well as offering a possible resolu-
tion of the coincidence problem. Given the successes of these models, it is worth asking
whether or not our analysis can shed any light on their consistency.
Of course, the stealth vacua do not include de Sitter branes. In fact, the vacuum brane
is Minkowski and is known to be ghost free, in contrast to the de Sitter branes considered
here. What we can say is that the introduction of a small brane cosmological constant
introduces an instability in the stealth model. It is reasonable to extend this conclusion
to any type of matter, at least for small H . It follows that the stealth model is unstable
close to the asymptotically Minkowski limit. The question now remains: how dangerous
is this instability?
A ghost will terrorize the vacuum if it couples to ordinary fields. The problem is that
in a unitary theory, the ghost ought to carry negative energy, and can be produced in the
vacuum along with ordinary fields without violating energy conservation. In a Lorentz
invariant theory, the ghost-non ghost production rate is divergent, no matter how weak
the coupling! This occurs because one can always use Lorentz invariance to perform
a boost on the 3-momentum cut-off in loop integrals. However, a generic Friedmann-
Robertson-Walker brane automatically breaks Lorentz invariance, so the stealth model
does not necessarily suffer from this catastrophic instability (for a related discussion,
see [99, 100]). If the ghost only couples weakly to other fields, the ghost-non ghost
production rate gets suppressed.
The stealth model contains a decoupling scenario where the would be ghost decouples
from the spectrum as H → 0. This corresponds to the case where we have kL = 0, θL =
−1 and kR > 0, θR = +1, so the cosmological dynamics is governed by the following
ρ = F (H2) = 6M24H
2 − 6M3R
(√
H2 + k2R − kR
)
+ 6M3LH. (4.84)
For small H , it is easy enough to check that f(2H2) ∼ −2M2RkR < 0, from which we
conclude that there is a radion ghost. We know from [58] that the radion decouples in the
Minkowski limit, so it must be weakly coupled at small H . Given that the radion feeds
into the brane bending mode, we can see this explicitly by considering the coupling of
the brane bending mode to matter (see equation (4.54)). The coupling strength is given
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by 1/F ′(H2) ∼ H/3M3L, which does indeed go to zero as H → 0. We conclude that
this particular stealth model will barely be affected by the ghost at small H , owing to the
weakness of the coupling. At larger values of H , our de Sitter brane analysis suggests
that the ghost coupling becomes significant, but we cannot be sure that these results apply
to a general FRW brane.
Chapter 5
Self-Accelerating Universe in Galileon
Cosmology
5.1 Introduction
In this chapter, we demonstrate that it is possible to construct a covariant model that
keeps desired properties of the Galileon model, namely the existence of self-accelerating
universe with no ghost-like instabilities on small scales, as we’ve seen in section 1.4. We
consider the following action (see also [72])
∫
d4x
√−g
[
φR− ω
φ
(∇φ)2 + cφ+ f(φ)φ(∇φ)2 + Lm
]
, (5.1)
where (∇φ)2 = ∇αφ∇αφ and Lm is the matter lagrangian. The cubic interaction is the
unique form of interactions at cubic order that keeps the field equation for φ of second-
order [68]. The Einstein and field equations are given by
Gµν =
1
2
cgµν +
1
φ
(∇µ∇νφ− gµνφ) + ω
φ2
(
∇µφ∇νφ− 1
2
gµν(∇φ)2
)
−1
φ
(
1
2
gµν∇α
[
f(φ)(∇φ)2]∇αφ−∇µ [f(φ)(∇φ)2]∇νφ
+f(φ)(∇µφ)(∇νφ)φ
)
+
Tµν
φ
, (5.2)
3 + 2ω
φ
φ − c+ 2f(φ)
[
(∇µ∇νφ)(∇µ∇νφ)− (φ)2 +Rµν∇µφ∇νφ
]
+
1
φ
[
∇µ
[
f(φ)(∇φ)2]∇µφ+ f(φ)φ(∇φ)2]+ f ′′(φ)(∇φ)4
+4f ′(φ)∇µφ∇νφ∇µ∇νφ =
T µµ
φ
, (5.3)
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where Tµν is the energy-momentum tensor for matter.
5.2 Background Cosmology
We found that the simplest choice of f to obtain the self-accelerated universe is given
by f(φ) = 1/M2φ2, where M is the parameter of the model. We can also redefine c as
c = −2Λ so that it acts like a cosmological constant. For Friedmann-Robertson-Walker
spacetime, the Einstein and field equations, (5.2) and (5.3) give
3H2 = −3HP + 1
M2
[
3HP 3 + P 4
]
+
ω
2
P 2 + Λ +
ρ
φ
, (5.4)
2H˙ + 3H2 = −2HP − P˙ − P 2 + 1
M2
P 2P˙ − ω
2
P 2 + Λ− p
φ
, (5.5)(
1 +
2ω
3
)
( P˙ +P 2 + 3HP
)− 2
3M2
[
− 6HP
(
P˙ + P 2
)
− 9H2P 2
− 3H˙P 2 − 5
2
(
P˙ + P 2
)
P 2 +
3
2
HP 3 + 2P 4
]
=
2
3
Λ +
ρ− 3p
3φ
, (5.6)
where H is the Hubble parameter, ρ is the energy density, p is the pressure and P ≡ φ˙/φ.
Self-Accelerating solutions: A self-accelerating solution can be found by putting Λ =
ρ = p = 0 and searching for a solution with H˙ = P˙ = 0. From Eq. (5.5) one can easily
show that this solution must satisfy
ℵ ≡ P
H
=
(
−1 ±
√
−3ω
2
− 2
)
1
1 + ω
2
. (5.7)
For this solution to exist, the BD parameter must satisfy ω < −4/3. The Friedmann
and field equations now yield
H2 = M2
3 (1 + ℵ − ωℵ2/6)
ℵ3 (3 + ℵ) . (5.8)
This is a self-accelerating de Sitter solution in which the linear terms are equated by
the non-linear terms coming from the cubic interaction in Eq. (5.6). Given that H2 has to
be positive, we have to pick the negative sign branch in Eq. (5.7). In order to describe the
acceleration today, M should be fine-tuned M ∼ H0 where H0 is the present-day Hubble
parameter.
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Early-time solutions: To recover GR at early times P should be smaller than H . In
fact, GR is recovered if P = 0. This is realized at high energies when the non-linear
terms in the field equation dominate over the linear term. In this case, from Eqs. (5.4-
5.6), we get P = M/√3 ∼ H0 ≪ H and we indeed recover the GR solution. This is a
cosmological version of the Vainshtein mechanism to screen the scalar field [72].
Numerical solutions: We can solve Eqs. (5.5-5.6) numerically with appropriate initial
conditions. Throughout the chapter, a flat cosmology is assumed but the inclusion of
spatial curvature is straightforward. We set initial conditions at matter domination era
and found the appropriate set of initial conditions in order to get acceleration at present
time (defined by Ωm(t0) = ρ(t0)/3H(t0)2φ(t0) = 0.3 as an example). Note that New-
ton’s constant is given by 8πG = 1/φ(ti) in this model where ti is the initial time in
the matter dominated era. We obtained cosmological solutions that mimic ΛCDM, i.e.
the scalar field becomes important at late-times and the universe enters a period of ac-
celerated expansion, approaching the self-accelerating solution. We also observed that
whenever P (ti) is appropriately small, P (ti) ≪ H(ti) the result is insensitive to the ini-
tial value of P (ti). In order to have Ωm(t0) = 0.3 today, the parameter M must be fine
tuned as M = 0.15H0 for ω = −50 and M = 0.024H0 for ω = −500. The contri-
butions of P in Eq. (5.4) can be combined into an effective dark energy, such that the
Friedmann equation takes the form H2 = (8πG) (ρ+ ρeff) /3. This allows us to plot the
effective equation of state, weff , of this effective dark energy for different values of the
BD parameter as a function of redshift (Fig. 5.1). We also computed the comoving dis-
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Figure 5.1: The effective equation of state weff as a function of redshift for various values
of the Brans-Dicke parameter.
tance r(z) =
∫ z
dz′/H(z′), which is plotted in Fig. 5.2. Due the phantom-like behaviour
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weff < −1, the distance is larger than in ΛCDM.
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Figure 5.2: The comoving distance r(z) as a function of redshift for different values of
ω.
5.3 Perturbations
Stability: We now study the stability of the model against small perturbations φ →
φ(1 + ϕ). To do this we expand the field equation (5.6) at linear order. We consider
perturbations on small scales where we can neglect the expansion of the universe and the
effect of metric perturbations. The evolution equation for ϕ becomes
dt(t)ϕ¨+ dx(t)∇2ϕ = 0, (5.9)
where
dt(t) = 3 + 2ω +
1
M2
[
12H
φ˙
φ
+ 2
φ˙2
φ2
+ 3
φ˙4
M2φ4
]
, (5.10)
dx(t) = 3 + 2ω +
1
M2
[
4
φ¨
φ
+ 8H
φ˙
φ
− 2 φ˙
2
φ2
− φ˙
4
M2φ4
]
.
(5.11)
In the usual BD theory, if the BD parameter is smaller than −3/2, then dt is negative
and ϕ becomes a ghost. In our model, the non-linear interaction term changes the sign
of dt. We found that as long as P is positive, dt and dx are positive at all times. This
can be realized if ω < −2 (see Eq. (5.7)). One can also calculate the sound speed of
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these perturbations, c2s = dx/dt. At early times, the terms proportional to H dominate
and thus c2s = 2/3, which is subluminal. The behaviour of cs(t) for the background
solutions discussed above can be found in Fig. 5.3. The fluctuations can be superluminal
for large |ω| at the transition from the matter dominated era to the accelerating phase and
this would impose an upper bound for |ω|.
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Figure 5.3: Plot of cs as a function of redshift for various values of the Brans-Dicke
parameter. As can be seen during the transition to the accelerating phase the perturbations
go superluminal for ω . −190.
Growth Factor: The evolution equation for the cold dark matter over-density δ is given
by:
δ¨ + 2Hδ˙ =
∇2
a2
Ψ, (5.12)
where the perturbed line element is given by ds2 = −(1+2Ψ)dt2+a(t)2(1+2Φ)δijdxidxj .
On small scales, the Einstein equations (5.2) give
Φ +Ψ = −ϕ, (5.13)
∇2
a2
Φ = − 1
2φ
ρδ − 1
2
(
1− P
2
M2
) ∇2
a2
ϕ. (5.14)
These can be combined with the field equation (from (5.9))
dx(t)
∇2
a2
ϕ = −1
φ
(
1 +
P 2
M2
)
ρδ, (5.15)
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where we use the quasi-static approximations and neglected the time derivative term.
Then the equation for δ is obtained as
δ¨ + 2Hδ˙ = 4πGeffρδ, (5.16)
4πGeff =
[
1 +
(
1 +
P 2
M2
)2
1
dx
]
1
2φ
. (5.17)
The effective Newton’s constant Geff is close to G at early times but it becomes larger
at late times. This is because the scalar mode ϕ gives an additional attractive force. We
should note that this is opposite to the DGP self-accelerating solutions where the effective
Newton constant is smaller due to the fact that the scalar mode is a ghost and it mediates
a repulsive force. Solving the evolution equation numerically we obtained the growth
factor δ/a as is shown in Fig. 5.4. Due to the enhancement of Newton’s constant, the
growth rate is enhanced compared with the ΛCDM case.
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Figure 5.4: The growth rate δ
a
as a function of redshift for different values of the BD
parameter, ω.
5.4 Discussion
By including a cubic order derivative interaction in the action for the Brans-Dicke the-
ory, inspired by the DGP effective action and the Galileon model [68], we found a self-
accelerating solution with no signs of ghost instabilities on small scales. This solution
exists if the BD parameter is smaller than −2. Whenever the condition H ≫ φ˙/φ > 0
is satisfied initially, the resultant solutions are insensitive to the initial conditions for
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the scalar field. In order to get the observed acceleration, the parameter M needs to be
fine-tuned, M ∼ H0. A remarkable property of this cubic interaction is that it helps
to recover GR at high energies. At high energies, this cubic interaction term ensures
φ˙/φ ∼ M ≪ H . This is a cosmological version of the so-called Vainshtein mechanism
[72]
The kinetic terms for small fluctuations on small scales, dt and dx are positive indi-
cating that the model is free of ghost and tachyonic instabilities. The cubic interaction
again plays a crucial role here. Without the cubic interaction, the fluctuations would be
ghostlike if ω < −4/3, but the cubic interaction gives an additional contribution to the
kinetic term for the fluctuations that changes the sign of the kinetic terms. The sound
speed can exceed light-speed depending on model parameters and this super-luminality
would impose constraints on the model parameters ω and M . We should note that there
is the issue of super-luminal propagations in the DGP and Galileon model too, but this
only occurs for large enough values of the parameter |ω| in our model. The full study of
cosmological perturbations is necessary to ensure the stability of the model on horizon
scales and this is an important open issue.
At late times, gravity is strongly modified. This raises a question whether it is pos-
sible to evade the strong constraints on the deviation from GR such as the solar system
tests. Again the cubic interaction term comes to rescue. On small scales, including the
non-linear term, the equation for ϕ looks like
dx
a2
∇2ϕ+ 2
a4M2
[
(∇i∇jϕ)2 − (∇2ϕ)2
]
= −ρ
φ
(
1 +
P 2
M2
)
δ,
where ϕ ≪ 1. This is the same equation as the one for the brane bending mode in the
DGP model (see section 2.2.3 and [32]). For a static spherically symmetric source, we
have shown that GR is recovered on small scales r < r∗ where the Vainshtein radius r∗ is
given by r3∗ ∼ rg/M2d2x, where rg is the Schwarzschild radius of the source. Since M−1
is larger than the cosmological horizon scales, the Vainshtein radius is sufficiently large
to recover GR and evade solar system constraints, but a small deviation from GR could
be tested for in future experiments.
In summary the inclusion of the cubic interaction in the BD theory provides surpris-
ingly rich phenomenology. It is then important to study the effects of the other higher
order interactions discussed in [68]. Moreover, since the Galilean symmetry is lost in the
covariant version of the theory, there is no way to prevent higher order interactions from
being generated and it is crucial to find a way to control these terms. This is related to
the strong coupling problem, which constitutes yet another problem in the DGP model.
This remains an open issue.
Chapter 6
Discussion and Conclusions
Braneworld models embedded in a higher-dimensional infinite size bulk spacetime have
been invoked to address the origins of the observed cosmic acceleration. As we men-
tioned in chapter 1, gravity appears to be weaker at large scales from our 4D point of
view because it leaks into the extra spatial dimensions. This can account for the late time
acceleration. The DGP model is not only one of the first and simplest but also one of
the most interesting phenomenologically. Its two cosmological branches with different
behaviours provide models that can be compared with data and against LCDM or dark
energy models. One of the two branches, the normal branch, still requires a cosmologi-
cal constant, or dark energy, to account for late-time acceleration. Such models, named
LDGP or wDGP throughout the literature, always have at least one more parameter
than LCDM .
The more interesting self-accelerating branch gives a cosmology that has the same
number of parameters as the standard model, where the cosmological constant Λ is re-
placed by the scale at which gravity becomes 5D, the crossover scale rc. To account for
observations it needs to be close to the Hubble radius today. This branch is phenomeno-
logically interesting however it is haunted by ghost instabilities. As we discussed in the
Introduction, these negative energy particles have no energetic lower bound and are cre-
ated out of vacuum by gravitational interactions alone. This means that a catastrophic
instability would immediately take over the spacetime. There are ways to avoid this, but
these bring other problems into the theory, like Lorentz invariance or unitarity breaking.
At this point, it seems unavoidable that a theory that includes ghosts is problematic and
should be discarded by theoretical reasons alone.
This thesis’ aim was to look for a way to avoid ghost instabilities while keeping the
interesting self-accelerating phenomenology.
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In chapter 2, we started by extending the analysis of DGP perturbations to non-linear
order in a cosmological background. Our results agree with previous results on both a
Friedmann[52, 53] and Minkowski backgrounds [51, 55, 20]. We proved that the lin-
earized analysis makes sense for scales beyond the Vainshtein radius, r3∗ = r3V /β2, where
rV is the Vainshtein radius in a Minkowski background, and β is given by eq. (2.23).
For smaller scales, the solution approaches 4D General Relativity. Our analysis has also
shown the importance of solving the bulk metric to avoid imposing an ad hoc bound-
ary condition in the bulk. Our equations (2.20), (2.21) and (2.22) are the basis for the
study of structure formation tests in this model. Schmidt, Hu and Lima used them to
study spherical collapse and the halo model in DGP[101, 102], Chan and Scoccimarro
[103, 104], and Schmidt [105, 106] developed independently full nonlinear N-body al-
gorithms to solve our nonlinear equations showing that the expected behaviours for each
regime indeed happen. As for the ghost, our work shows that the ghost is indeed found
in the self-accelerating branch at scales r > r∗, because the linearized analysis is valid
for scales larger than the Vainshtein scale.
In chapter 3, a numeric algorithm was adapted to solve the full 5D dynamical equa-
tions for the scalar perturbations in the DGP model. We have shown that the quasi-static
approximation is valid on small scales, and also that the dynamical scaling solution pro-
vides quite good approximations to the full solutions for both the self-accelerating and
the normal branches, except in the asymptotic de Sitter phase in the normal branch. Our
solutions form the basis for a detailed comparison between the DGP model and cosmo-
logical observations, especially for the normal branch (where the influence of the extra
dimension on the evolution of large scale structure has not yet been explored). For exam-
ple, they have been used to constrain the normal branch DGP model using the integrated
Sachs-Wolfe effect [28, 107].
Having proven in chapter 2 that the linearized solutions are valid, and thus that the
DGP self-accelerating branch is plagued by ghosts, we moved away from this braneworld
model and searched for generalizations that use induced gravity and have the potential for
realizing late-time acceleration. Our first attempt was based on the CGP model, which
generalizes the DGP by having an asymmetry across the brane. We have studied the
stability of de Sitter branes in this framework. This is presented in chapter 4. We have
found that whenever the background bulk has infinite volume a ghost will plague the
linear perturbations. The situation is remarkably similar to the DGP self-accelerating
branch, where there is always a ghost, whether in the spin-2 or the spin-0 sector. A care-
ful analysis is required for the crossover region, but judging from previous DGP results
[38, 39] we would expect the ghost to still be present. The only way to avoid the ghosts
in this model is to consider Minkowski branes, in which case one recovers ”stealth” ac-
celeration, i.e. a late-time power law acceleration in the presence of matter. We can then
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say that the introduction of even the smallest brane cosmological constant introduces an
instability in the stealth model.
Lastly, chapter 5 presents a four dimensional scalar-tensor model that, inspired by the
DGP effective action, adds a cubic order interaction to the Brans-Dicke action. This is in
fact a realization of Galilean invariance, discussed in the Introduction, keeping all terms
up to cubic order. We found a self-accelerating solution that seems to be ghost-free on
small scales, whenever the Brans-Dicke parameter is smaller than −2. The cubic inter-
action term provides surprisingly rich phenomenology. First of all, at high energies, it
ensures that General Relativity is recovered. In this way, we can see some sort of cos-
mological version of the Vainshtein mechanism. On small scales, the cubic term gives an
equation of motion for the scalar that is similar to the equation of motion for the brane
bending mode of the DGP, eq. (2.22) in chapter 2. As we have shown in that chapter,
for scales smaller than the Vainshtein radius General Relativity is recovered. Thus in this
Galileon model deviations from GR on solar system scales are of the same order as the
DGP ones, and thus can be tested in the future.
Regarding the stability of the interactions in this model, the cubic term is responsi-
ble for changing the sign of the kinetic terms, making them positive at all times. This
indicates that the model is free of ghost or tachyonic instabilities. There are issues with
superluminality, but the same happens for the DGP and Galileon models, whether in our
model this happen only for large enough values of the Brans-Dicke parameter. A full
perturbative study is, however, necessary to make sure that the model is stable on horizon
scales.
This has been done recently by Kobayashi, Tashiro and Suzuki [108]. They found
that perturbations behave quite differently from GR. First of all, a fine-tuning of the ini-
tial conditions, φ˙ = φ = 0 is absolutely necessary to recover GR at early-times. These
authors also obtained the evolution of Φ−, the combination of metric potentials that deter-
mines weak lensing and the ISW effect (see chapter 3). They found that Φ− grows as the
Galileon field takes over and the universe begins to accelerate. This is a behaviour that
we have seen also in the normal branch of the DGP (see fig. 3.7). Kobayashi also looked
at the cosmic expansion and growth histories in Galileon models that extend the one we
proposed by having a more general f(φ) ∝ φα
φ2
(in our model α = 0) [109]. He found
that the standard model, or rather phantom dark energy models are closely mimicked by
Galileon models at early times, but the late-time asymptotics depends on the parameter
α. They also found that the behaviour of the growth index is a good discriminator be-
tween Galileon, DGP and LCDM models. On the other hand, De Felice, Tsujikawa and
collaborators [110] have generalized the model’s action even more and studied its stabil-
ity. They found the constraints to avoid ghosts and other instabilities. In a recent paper
[111] they have also studied density perturbations and the gravitational potentials of this
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general model. It is also important to study the effect of higher order terms, which might
prove to be as important as the cubic one, and might provide interesting phenomenolo-
gies as well.
The quest for ghost-free self-acceleration continues...
Appendix A
Numeric method for computation of
cosmological perturbations in the DGP
braneworld
A.1 Computational grid
In this appendix, we present the numeric algorithm developed to solve the system of
equations (3.25) over a finite region Σ of the (τ, z) plane. Illustrations of the shape of Σ
are given in Fig. A.1 for a few different brane trajectories and choices of ǫ. The compu-
tational domain has three distinct boundaries: the brane ∂Σb, a past null hypersurfaces
∂Σ−, and a future null hypersurface ∂Σ+. Note how the computational domain is to the
right of ∂Σb for the self-accelerating case ǫ = +1 and to the left for the normal case
ǫ = −1. The brane size at the beginning of the simulation (where ∂Σb and ∂Σ− intersect,
marked i in the figure) is aˆi, while the size at the end (where ∂Σb and ∂Σ+ intersect) is
aˆf .
Our numerical algorithm employs an irregular computational grid as shown in Figs. A.1
and A.2. To define this grid, we introduce an arbitrary time parametrization along the
brane given by the monotonically increasing function x = x(tˆ). The portion of the brane
between aˆ = aˆi and aˆ = aˆf is subdivided into piecewise linear segments equally spaced
in the new x parameter. That is, the change in x over a given segment is δx = h, where
h is the overall stepsize parameter of the algorithm. The bulk grid is then completed by
drawing null lines emanating from the endpoints of these segments as shown in Fig. A.1.
As in previous work, the grid involves a number of triangular cells adjacent to the brane
and diamond shaped cells in the bulk. The bulk cells will generally not be uniform in
size due to our choice of brane partitioning.
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Figure A.1: Typical computational grids used to solve the perturbation equations.
Our actual choice of x = x(tˆ) is motivated by the desire to obtain a quickly-converging
algorithm that samples the expansion history of the brane sufficiently densely. We have
experimented with a number of possibilities and have found that x(tˆ) = ln τb(tˆ) works
best for the self-accelerating branch. On the other hand, x(tˆ) = τb(tˆ) seems to give good
performance for the normal branch. Of course, the choice of x ultimately does not matter
since all possibilities should give the same results in the h→ 0 limit.
A.2 Evolution near the brane
In order to model the evolution of ∆ and ψ near the brane, consider the geometry shown
in Fig. A.2. Roughly speaking, our goal here is to develop an algorithm to calculate the
values of the fields at the nodes G and H given the knowledge of their values at (A,D,E,F).
If we integrate the bulk wave equation over the triangular cell EHF, we obtain
2ψF − ψH − ψE =
∫
△
d2xV ψ +
∫ H
E
dtˆ ∂yˆψ =
∫
△
d2xV ψ+
∫ H
E
dtˆ (λ1∆+ λ2Ξ + λ3ψb + λ4ψ
′
b + λ5ψ
′′
b ). (A.1)
Here, we have used (3.25b) to substitute for the normal derivative of ψ. We can also
integrate (3.25c) and (3.25d) over the brane segment from E to H, we get
ΞH − ΞE =
∫ H
E
dtˆ (λ6∆+ λ7Ξ + λ8ψb + λ9ψ
′
b + λ10ψ
′′
b ),
∆H −∆E =
∫ H
E
dtˆΞ. (A.2)
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Figure A.2: Grid geometry used to derive evolution formulae in ΣA.2 and ΣA.3. The
principal brane nodes A, E, H and M are separated by a brane time interval δx = h. We
have also introduced half-step nodes D, G and L, which are separated from the adjacent
principal nodes by δx = h/2. The half-step nodes are needed because of the non-local
nature of the boundary condition in the DGP model.
We now replace the integrals in the exact expressions (A.1) and (A.2) with discrete
approximations. First, let us consider the 2-dimensional integral in (A.1). A simple linear
approximation to ψ inside EHF yields
∫
△
d2xV ψ =
=
δtˆ2
12
(VEψE + VHψH + VFψF)
+ O(δtˆ4). (A.3)
Here, δtˆ is the proper time interval between the nodes E and H, which is explicitly
δtˆ =
∫ H
E
dtˆ =
∫ H
E
dxΥ
= 1
2
h〈Υ〉+O(h3). (A.4)
Here, we have introduced the notation
〈X〉 = XH +XE, ‖X‖ = XH −XE, (A.5)
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and defined
Υ =
dtˆ
dx
=
dtˆ
dτb
dτb
dx
=
[
1
2
(
Hˆaˆ+
1
Hˆaˆ
)]−1
dτb
dx
. (A.6)
The last equality in (A.4) follows from the trapezoidal approximation for one-dimensional
integrals. We use this same approximation for the other line integrals in (A.1) and (A.2),
after integration by parts to remove the ψ′′b terms and a change of variables from tˆ to x. It
is useful to simplify the notation by introducing some new coefficients:
c1 =
1
2
Υλ1, c6 =
1
2
Υλ6, c11 =
1
2
Υ.
c2 =
1
2
Υλ2, c7 =
1
2
Υλ7,
c3 =
1
2
Υλ3, c8 =
1
2
Υλ8,
c4 =
1
2
(λ4 − λ′5), c9 = 12(λ9 − λ′10),
c5 = Υ
−1λ5, c10 = Υ
−1λ10, (A.7)
It is worthwhile noting that all of these ci coefficients are functions of the brane trajectory
only, and we assume that they are known exactly. In terms of these we get
2ψF − 〈ψ〉 = h〈c1∆+ c2Ξ + c3ψb + c4ψ•b〉+ ‖c5ψ•b‖+
1
12
h2〈c11〉2[〈V ψ〉+ VFψF] +O(h3), (A.8a)
‖Ξ‖ = h〈c6∆+ c7Ξ + c8ψb + c9ψ•b〉+ ‖c10ψ•b‖
+O(h3), (A.8b)
‖∆‖ = h〈c11Ξ〉+O(h3), (A.8c)
where
ψ•b =
dψb
dx
=
dψb
dtˆ
dtˆ
dx
= Υψ′b. (A.9)
We can now make use of the following approximations:
ψ•E =
12ψE − 16ψD + 3ψA + ψH
6h
+O(h3), (A.10a)
ψ•H =
−36ψE + 32ψD − 9ψA + 13ψH
6h
+O(h3), (A.10b)
to eliminate the ψ derivatives in (A.8) to order h3. Once (A.10) is substituted into
(A.8), we have a linear system for (ψH,∆H,ΞH) in terms of the values of ψ at the nodes
(A,D,E,F), the value of ∆ and Ξ at E, and h. Once this linear system is solved1 we know
1Although this is simple to do, the explicit solution is rather long and we omit it from the current
discussion.
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the values of all the fields at H (accurate to order h3). Finally, we can use
ψG =
3
2
ψE − ψD + 14ψH + 14ψA +O(h4), (A.11)
to get the value of ψ at G. Note that the values of ∆ and Ξ at the nodes D and G have
not entered the discussion; it turns out that it is not necessary to keep track of the brane
degrees of freedom at non-vertex nodes.
A.3 Evolution in the bulk
In addition to evolving ψ, ∆ and Ξ near the brane, we also need to evolve ψ in the bulk.
We can take the diamond CIJF to be a typical bulk cell. By simply integrating the bulk
wave equation (3.25a) over this cell and using the divergence theorem, we obtain
2(ψF + ψI − ψJ − ψC) =
∫
3
d2xV ψ. (A.12)
Using a bilinear approximation for the integrand yields
ψJ = ψF + ψI − ψC + 116δuˆ δvˆ[VFψF+
VCψC + VIψI + VJ(ψF + ψI − ψC)] +O(h4). (A.13)
Here, δuˆ = O(h) and δvˆ = O(h) are the dimensions of the cell in null coordinates.
Hence, given the knowledge of ψ on the past nodes F, I and C, we can obtain the value at
the node J accurate to order h3.
A.4 Initial data and computational algorithm
Having obtained the formulae that tell us how to evolve the fields across individual cells,
we are now in a position to discuss our overall computational strategy. For simplicity, we
will describe how the calculation is carried out on the sparse grid shown in Fig. A.2, but
the method is easily generalized to the denser grids shown in Fig. A.1.
For the numeric solution of a conventional hyperbolic problem, it would be sufficient
to specify initial data for ψ on the nodes (A,B,C,I) in addition to ∆A and ΞA. However,
due to the nonlocal boundary condition associated with DGP perturbations, we need to
also specify ψD, ψE, ∆E, and ΞE initially (see [112] for a detailed discussion of well-
posedness and initial conditions for DGP perturbations). Once the initial data has been
selected, the algorithm proceeds as follows:
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1. the diamond evolution formulae (A.13) is then used to obtain ψ at the nodes F and
J;
2. the triangle evolution algorithm developed in ΣA.2 gives ψG, ψH, ∆H, and ΞH;
3. Eq. (A.13) is then used to find ψK; and finally,
4. the triangle algorithm gives the field values at the remaining nodes L and M.
Obviously, if we have a larger grid than the one shown in Fig. A.2, steps 2 and 3 need to
be iterated a number of times.
For generic grids, the number of diamond cells in the grid will scale as 1/h2 while
the number of triangle cells goes like 1/h. Since the errors involved in the diamond and
triangle evolution formula are O(h4) and O(h3), respectively, we obtain a final answer
that is quadratically O(h2) convergent.
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